Review of PMP Derivation

We want to find control u(t) which minimizes the function:
T
J(x,u) =fL(x,u)dt + V(x(T),u(T))
0

Subject to the constraints: x(t=0) = x, T fixed, and x = f(x, u)

To find a necessary condition to minimize J(x,u), we augment the cost
function

T
T(z,u) = J(@u)+ [N (fla,u) - 2)
T
— /0 (L(z,w) + AT (f(2,u) — ) dt + V(2(T))
— fT (H(:c, u,\) — )\Td:) dt + V(x(T))
0

Then extremize the augmented cost with respect to the variations
X(t) = x*(t) + ox(t);  u(t) = ux(t) + du(l); A(t) = A*(t) + SA (D);



Pontryagin's Maximum Principle

Optimal (X",u”) satisfy:
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Can be more general and include terminal constraints
Follows directly from:
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Handling Additional Constraints

Example: what if final state constraints #(x(T))=0, i=1,...,p are desired:
— Add constraints to cost using additional Lagrange multipliers

Multipliers

T
J,(x,u) =fL(x,u)dt + V(x(T),u(T))-IC vlgﬂl(x(T)) + ...+vpg0p(x(T)J)
0

Y~ .
Cost augmentation

To find a necessary condition for optimal, extremize the constrained,
augmented the cost function

T
Jo (x,u) = f(H(x, w,A) —ATx)dt + V(x(T),u(T)) + vlcpl(x(T)) + ...+ vpcpp(x(T))
0

With respect to the appropriate variations ox(t); du(t); Si(t);

Result: New terminal co-state constraint:

MT) = 22 (x(T)) + 22 (x(T))P




Handling Additional Constraints

Example: what if final time is not specified?
— Must include the additional variation 6T in the extremization process
— Result: [H(T)=0

Summary with (1) unspecified final time; (2) terminal constraints:

%= (";—;’)T = f(x, 1) (PMP 1) A= (g—’;)T (PMP 2)
Z—Z =0; or H(x"u" ") <H(*ul*) (PMP 3)
A(T) = Z—Z(x(T)) + g—;’j (x(T)) (PMP 4) H(T)=0  (PMP5)

x(0) =x, (BC) px(T) =0 (TC)



Example: Bead on a Wire

Problem: bead moves without friction along a wire pushed by force u

< > mx=u
Xo Xp
— Goal: move bead from X, to X In minimum time
— Constraints:  x(0)=Xy; X(T)=%:; x(0) = x(T)=0; |u|<C
— Terminal Constraints:

Solution: PMP with unspecified final time & terminal constraints
— Step 1: convert dynamics to first order form: z = (z, z,)"

. (0 1 0 _

z-( )z+(1/m>u=Az+Bu

0O O
— Terminal Constraints: y,(z(T)) = z,(T) - x==0 T
— Step 2: construct the Hamiltonian for JCx,u) =f 1dt

0

)

H=1+3few =1+ 00 Qo)) + (1)) =140z + (2



Bead on a Wire (continued)

— Step 3: Apply (PMP 2), the adjoint equations:

. (oH\" M\ _ (0H/dz;\ _ (0 M) =a
*‘(E) - _<xz>‘(aH/az2>‘<A1) | n® =—at+ B

— Step 4: Apply (PMP 3), the minimum principle:
 For constrained control, must minimize H w.r.t. control u

H=1+MA2z, + (}\Zn(lt)) u
U
{+C sgn(A,(t)) <0
u =

—C sgn(A,(t)) >0 = | u=-Csgn(d,(t))

« Hence u(t) is a “switching control” with A,(t) the “switching function
« The switching function is linear, implying one switch.



Bead on a Wire (continued)

— Step 5: Apply (PMP 4), the adjoint terminal constraints:

A(T) _—( (7)) + Z(z(T))ﬁ
U
A 0p1/0z, B¢p,/d
() = Gotom 2285 () =6 D6 =) = (Car+p)
U
L =v,+ T = A () =g @) =v (T —-1t)+ v,

— Step 6: Apply (PMP 5), the undetermined final time condition:

A (T
H(T) = 1+ M (D2(T) + ( 2 ))u(T)=1+v1 T)—( )%)syn(xﬁ))

=1- v, (%) sgn(v,) =0 = v, =1 (E)




Bead on a Wire (continued)

— Step 7: Apply (PMP 1), the dynamics, and (BC)
« We know that the control “switches” at some as yet unknown time, t,
* Integrate the acceleration to get the velocity over t €[0,T]

0 T

ts T ts C C
#(T) = 2(05 + J %dt + f %dt = j _ L sgnOude + [ = sgn0y,(0))dt
0 t o m tg M
¢ T
=L sgnOuOD—te+ (Tt =0 = [, _T
m S 2

— Step 8: Apply (PMP 1), the dynamics, and (BC)
* Integrate velocity to get position over t €[0,T], knowing switch at T/2

 For constant accelgration: x(t) = x(0) + x(0)t + x (0)t?/2
x(T/2) = x(0) + x_((z)Zﬂ_ <%> sgn(A,(0))T?/8

T T C T? C T?
x(T) = x (—) + x (—)— + ( )Sgn(AZ(O))E = Xy — < )sgn(AZ(O))T = Xp

2 2)2  \m m



Bead on a Wire (continued)

— Step 8: (continued)

= T=2 XF%0 =12 /—mlx”_m sgn(2,(0)) = —sgn(xp — x
\/—(%)59710\2(0)) c gn(22(0)) gn(xr = Xo)

— Step 9: Using the switching function characteristic to find v,

NT/D=0=v(3) 4v, = v1=—(;>v2=$<;>(%)

A (®) = 0 (T — ) + v, = J—r(%) K%)(T—t)—l] = J_r(%) [%—1]

= u(t) = —Csgn -Sgn(xp - xo) — - 1”
Simp=I>er, but u(t) =-C sgn - xO) [_ B 1”

equivalent



Example: Bang-Bang Control

Consider time optimal control of linear system

- x =Ax + Bu
— x(0) =x0; X(T) =x¢ ; @(x(T)) = xp — x(T)
~ ul < 1; J=J, 1dt <

Apply PMP:

“minimum time control”

e H=L+ATf=1+AT(Ax +Bu)=1+(ATA)x + (ATB)u

. x=(g—:)T=Ax+Bu

« u=argmin(H) = - sgn(AT B)

* J.e., control uis +1 or -1 1n value

Since H is linear w.r.t. u, -—="
minimization occurs at boundary
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