Minimum Variance Design

Estimator is a random function

— Takes measurements y,, y,, -+, ¥, as input, and produces a random
variable, X,,, with x,, as a specific estimate.

— The variance associated with the estimator is the “uncertainty” in the
estimate. Minimum variance design is the “least uncertain”

Minimum Variance Design (Kalman 1960)

— The minimum variance estimate of state X given measurements Y is
given by the conditional mean of X given Y.

% = EIXIY = y] = j x p(xly)dx

With jointly Gaussian state (x) and measurements (y),
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— The minimum variance estimate of x given y
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Recursive Construction of Kalman
Filter (KF)

Initial system state, x,, is Gaussian distributed: x, ~ N (X, Pyo)

— Assume measurement y, = Hyxo + wg. Then x,, y, are joint Gaussian:
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— The estimate of state x, at time t, given measurements at t, IS
« Roj0 = %o + PooHo (HoPooHg + Ro)™* (o — Ho %)
— Because the estimate is a conditional mean, the associated variance is:
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Let’s propagate the state estimate to time t;
— The system equation is: x; = Agxy + Boug + G Mo
— If a Gaussian CRV is substituted into the x,"slot,” then x, will be a
Gaussian CRV with

* X190 = E[Aof(om + BougGono] = ApXojo + Boug
* Z1j0 = AoZopodp + GoQoGo



Recursive Construction of KF

The predicted measurement at time t,, and its uncertainty:
— X4k = ArXgs1jx + Brug

- cov(§110,910) = H1Z1,0H{ + Ry
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Now in corporate a measurement time t;, and use formulae for
conditional mean and its variance
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Recursive Construction of KF

By induction, the KF has a 2-step structure:

— Dynamic (time) update)
* Xp+1jk = AxX+1)k T Bruk
© i1k = ArZkAi + GrQrGy
— Measurement Update

“refidual, innovation”

* Xpiijk+1 = Xer1jk T Kis1 Vrr1 — Her1 Xi41 k)
“Kalman Gain”
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= (I = Kiy1Hies ) Zk4 11k = Zreaape 0 — Hip1 Kipr)
Where the “Kalman Gain” is:
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“How much do | trust _— ~ ‘How much do | trust

the model?” the measurements?”
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