Discrete Time Optimal Control

Given a dynamical system:

Xier1 = fre (g, ) Xo = Xinit
Find the control sequence u, = u(t,), k=0,...,N-1, which minimizes :
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Solution: introduce Lagrange multipliers A, A4, ..., Ay for all constraints
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Extremize the augmented cost w.r.t.

u, (k=0,..,N—1); xy (k=0,..,N); Ay (k=0,..,N);

Since there are a discrete number of “states”, we can use the
classical finite dimensional extremal criteria:
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DiSCI"eTe TIME LQR (a different derivation)

A linear dynamical system: xj,q; = Axx; + By uy Xo = Xinit

Find the control sequence u, which minimizes :
N-1
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Solution: Assuming u, = - K, X, then xp4+q =(Ar—ByxKi)x, =|Axxk
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“Cost-to-go” from t,

N-
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Define: \ Jo = EXI’I\}PTXN 2 Z Xjie (Qk +Ki RicKi)xk

Then note that : Jos1—Jp = _Exg(Qp'l'KngKp)xp (T1)
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Discrete TIME LQR (continued)

The controlled dynamical system will propagate as:

m-1
Xm = DP(m, k) x5, = (‘ ‘ ] Af)xk
1=

Transition matrix

The “cost-to-go” can be rewritten using the Transition Matrix:
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— L, p ptp P, = “cost-to-go” (by abuse of language)
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Now equate (**) and (TT), and then rearrange:

Py = (Ap — Bpr)TPpH(Ap — Bpr) + KpTRpr +0p



Discrete TIME LQR (continued)

To derive the optimal feedback gain, we want to minimize the cost-to-
go with respect to the gain:
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Substituting the expression for K, back into the expression for P, yields:
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This is the discrete time Riccati equation (DRE).

— Because (x," P, X,)/2 is the “cost-to-go”, and at stage N the cost to go is
(Xn" Py Xp)/2, the terminal value of Py is given by: Py = P;
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