CDS 270: Solution to Homework #1

Solution to Problem 1: (5 points) Problem #2 in Chapter 2 (page 73) of the MLS text.
Let gy € SE(n)and go € SE(n) (n =2,3) take the form
R1 CZ; RZ CZ;
g1 = |:6’T 1:| g2 = |:0T 1:|
where Ry, Ry € SO(n) and cil, dg € R"™. The product of g; and g, takes the form:

R Ry Cfl + RIJ;
g1-92 = |: OT 1 :|
Since SO(n) forms a group, the product Ri Ry € SO(n). Since Ridy € R", di+Ridy € R,
Thus, g192 € SE(n). The identity matrix is the identity element of SFE(n). The inverse of

matrix ¢ is:
R —RTd, '
or 1

Since R; € SO(n), RT € SO(n). Similarly, RT d; € R". Hence, g;' € SE(n). Thus,
SE(n) forms a group.

Solution to Problem 2: (10 points) Problem #4 in Chapter 2 (page 73) of the MLS text.

Part (a): Let’s assume that the statement in part (b) of the problem is true. Let @ be a
3 x 1 vector and let ¥ be any 3 x 1 vector. Then:

(RORT)T =

Since this must be true for any vector ¢, then RwR" = (Rw).

Part (b): We can now assume that part (a) holds.

(Ro) x (R) v)(R)

= (R9)

= (RORT)(Ru)
RORT R
R(0w)
R(7U x w)

—_



Solution Problem 3: (10 points) Problem #10(b,c) in Chapter 2 (page 75) of the MLS
text. It is not necessary to answer the question about surjectivity.

Note that

~ 10 —w| _ 10 1
w—{w O}—wj WhereJ—[1 O}

Then:

-1 0
A2 2 27 3 .3
w—w[o _J— wl;, W =-—-w’J

Hence the exponetial of @ can be computed as:

. 0 . 62
exp(00) = (I+ =0+ +=0"+ -

1! 21
wh w?6? w363
— (I+TJ— -2 J+---)

(Y (),
_ COS(UJ@)‘ — sin(w@) | |
[sin(w@) cos(wd) }

Clearly, the exponential map from so(2) to SO(3) can not be surjective, as every point in
SO(3) can not be covered by every point in so(2). This map is not injective since exp(fw) =
exp((0 + 2m)w).

Problem 4: (10 points) Prove (or show) that a body undergoing spherical motion (where
one point is fixed through the motion) has three degrees of freedom.

A body undergoing spherical motion has one fixed point. Let the body consist of N particles.
Let P; denote the particle lying at the fixed point. A point in 3-dimensional Euclidean space
normally requires 3 independent variables to fix its location. However, since P; does not
move, it actually has 0 degrees-of-freedom (DOF). Now consider a particle P, in the body.
Particle P, has 3 DOF as a particle. However, it is constrained to lie a fixed distance, dio
from particle P; due to the fact that P, and P, are part of the same rigid body. The fixed
distance relationship imposes one constraint on P». Next consider a point P3, which lie a
fixed distance from P; and P,. Therefore, there are two constraints on its location. Now,
consider a particle P,. Since its must lie a fixed distance from P, P, and Pj, there are three
constraints on its motion. Particles Ps, ..., Py similarly have 3 constraints.

The total number of degrees of freedom of the N particles are: 3(N —1) +0 = 3N — 3. The
total number of constraints on these particles are: 1+ 2+ 3(N —3) = 3N — 6. Hence, the
total net DOF of a body is the number of freedoms of the particles minus the number of
constraints that bind them into a rigid body: (3N —3) — (3N —6) = 3.

Problem 5: (20 points) Problem #11(a,b,e) in Chapter 2 (page 76) of the MLS text.
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Part (a): Recall that the matrix exponential of a twist, £, is:

¢ P,

. 2
P& _ ket Y f2 3
e —I+1!£+2!€+3!§+

First, let’s consider the case of £ = (v,w), with w = 0. If:

R 0 0 v,
E=10 0 v,
00 0

then €2 = 0. Thus

) 1 0 ¢v, -
e =101 PUy :[[ Uﬂ

nt
00 1 0 1
To compute the exponential for the more general case in which w # 0, let us assume that
||w|] = 1. In this case, note that w? = —I, where I is the 2 x 2 identity matrix. It is easiest

if we choose a different coordinate system in which to perform the calculations. Let
R 0 W Uy o 7
E=|w 0 wv,| = {(—)»T 0}
0 0 O

(I ov
9= 1gr 1

Let

Let is define a new twist, &£

| —wv) o v [T WU

—[O 1][0 oo 7

o (@Pr+0)] o

SO
where we made use of the identity @* = —I. That is, we have chosen a coordinate system
in which f’ corresponds to a pure rotation. Thus,

~ ¢<l)0
o6 _ |€
; _[0 J.

Using Eq. (2.35) on page 42 of the MLS text:

. . $0 o
9 — get€ g1 = {60 (1 61 )wvﬂ

which is clearly an element of SE(2).



Part(b): It is easy to see from part (a) that the twist £ = (v, v,,0)” maps directly to the
planar translation (v, v,).

The twist corresponding to pure rotation about a point ¢= (¢, ¢,) can be thought of as the
Ad-transformation of a twist, & = (0,0,w), which is pure rotation, by a transformation, g,
which is pure translation by ¢

¢ =Ady¢ = (h§h)Y (1)

where

Expanding Eq. (1) gives:

assuming w = 1.

Part (e): Let V? denote the planar body velocity:

~b b
Ab_ ﬁj v
el

where & € s50(2), © € R%. Then the planar spatial velocity is:
Ve = Ad, V= gVtg !

_[R p][eb "] [RT —RTY
— 0T 1| 0T o] |0T 0

_ [R&*RT —ROPRTF+ R
| o7 0

Therefore:
&° = R'RT  #° = Rt — ROPRTp = R® — &°p

The spatial angular velocity can be simplified as follows:
vs _ pebpr (T T2 |0 —wl i | 0 —det(R)| [0 —1|
W= RO = |:’l“21 7”22} l:w 0 :| |:T12 T22:| - {det(R) 0 v 1 0| w

Using this result:

Therefore:



Solution Problem 6: (10 points) Problem #14(a,b) in Chapter 2 (page 77) of the MLS
text. It is not necessary to answer the question about surjectivity.

Part (a): Let g € SE(3) denote a homogeneous transformation matrix:

(R _[R bR
o I O]

Then: -
oo [BRT =R |RT —(RTH)RT| _[R" —R'p
g a1 g qr RT 0 R

—

where we have made use of the identity (R7p) = RTpR. Let’s now compute Ad,Ad,1:

R pR][RT —-R"p] [I 0
AdgAdgl:{o RHO RT | 7|0 I

Hence, Ad,~1 must equal (Ad,)~" since AdjAd,— = 1.

Part (b): If
_ 1?1 D1 _ —@2 P2
=g 2= \gr 1
Then
RiRy pi+ Ryp-
G102 = [ (‘1)’T2 Y4 X 1]?2]
Hence: _ . .
Ad _ | BaRR (p1 + Rip2) R1 R,
9192 I 0 R1R2
_ RiRy p1RiRy + RipoRI R Ry
0 R R
_ RiRy p1Ri1Ry + RipaRy
0 RiRs
o R )i R| [Ry poRe o
- 0 R ] {O R, } = Ad,, Ad,,




