ME 115(a): Solution to Homework #3

Problem # 1:

Part (a): Elements of SU(2) have the form:

R A A ]

where zz* + ww* = a® + b%> + ¢ + d?> = 1. To show that the matrices

ER O Y

form a basis for SU(2), let A, B, C, and D be real numbers. Then, the matrix formed by
the product of A, B, C,and D with these matrices is:

10 i 0 0 1 0 i] [A+iB C+iD
A{o 1}“9{0 —z}*c[q O}JFDL' o}_{(}—u) A—z’B}

is a matrix in SU(2) for any choice of A, B, C, and D where A* + B? + C? + D? = 1. Thus
these four basis matrices for SU(2) are in 1-to-1 correspondence with the 1, i, j, and k basis
elements for the quaternions. Thus, the scalar elements A, B, C, and D are in one-to-one
correspondence with the scalar elements of unit quaternions. That is, let a unit quaternion
be represented by ¢ = A1 + Aai + A3j + Ak = (A1, Ao, A3, A4). The correspondence is then:

Moo= A=Re(z)= L7 (1)
No = B=1Im(z)= @ 2)
N = O=Re(w)="T" 3)
A = D= Imu) =) ()

Part (b):The unit quaternion elements are in one-to-one correspondence with the Euler
parameters of a rotation: (Ay, A2, Az, \y) = (cos %, W, sin %, wy sin %, W, sin %) ¢ is the rotation
about an axis represented by a unit vector & = [w, w, w.|T. A 2 X 2 complex matrix which
represents an arbitrary rotation as a function of the z-y-x Euler angles can be developed as
the product of 2 x 2 complex matrices which represent rotations about the z, y, and x axes.
A rotation about the x-axis of amount v has the 2 x 2 representation (since A\; = cos 2,

/\2 = Sin%, /\3 = )\4 = O)

(cos % 4 isin3) 0 ] _ [ez 0 ]



Similarly, a rotation of amount ¢ about the y-axis can be represented as:

¢ i b
|: CO“S §¢ Sin g:|
— Sin 5 COS b)

while a rotation of amount ¢ about the z-axis can be represented as:

L
cos 5 zsmg
isin? cos®

2 2

The product of these matrices yields the result.

Part (c):

¢ = 2cos (a) = QCos’l(Z —;Z*) (5)

W — b _ (z —2")/2 (6)
‘ N \/(zf;*y + ww*

o c _ (W +w*)/2 7)
Y m \/(Z;z* )2 + ww*

o - d _ (w—w*)/2 (8)
: Vb2 + 2+ d? \/(Z_Qz*)2—i—ww*

Problem 2: Problem 6(d,e) in Chapter 2 of MLS.

Part (d):

(i) If Ay, Ay € SO(3), then each of the 9 elements in the product matrix A; A, requires
3 multiplications and 2 additions. Hence, the product A; As requires a total of 27
multiplications and 18 additions.

(ii) Let ¢; and g2 be quaternions, with respective real and vector parts ¢ g, gor and qip, Gap-
The real part of the quaternion product, ¢1rger — ¢1p - Go2p, requires 4 multiplications
and 3 additions (where the subtraction is counted as an addition). The pure part,
Bp = QrGer + ©rOP + ¢ip X Gap, can be evaluated in 12 multiplications and 9
additions. Thus, the quaternion product requires a total of 16 multiplications and 12
additions. It is therefore more efficient than the equivalent matrix multiplication.

(iii) The rotation of a vector by multiplication of a 3 x 3 rotation matrix times a 3 x 1
vector requires only 9 multiplications and 6 additions.

\)



(iv) The number of multiplications and additions for the equivalent quaternion operation
will depend upon the form which one uses for the quaternion vector rotation. Using
the identity 1 = ¢% + qp - qp, it is possible to show that the vector part of qZg~! in

part (b) above can be rearranged to the form:

T4 2[gp x (qp X @) + qr(qp x 7)]

Since gp X T need only be evaluated once, this takes only 18 multiplications and 12
additions. However, no matter what form one tries, the quaternion approach will
always take more operations than the matrix/vector approach for vector rotation.

Part (e): Let a body rotate about a fixed axis & by an angle ¢(t). Let the unit quaternion
Q(t) denote the orientation of this rotating body. This quaternion can be represented in the

“vector” form
Q) = (COS(@),@SHI(@)) : 9)

Thus, the time rate of change of this quaternion is:

O(t) = <_¢;t> sin(¢(2t)), (b(;)@'cos((b(;))) . (10)

Recall that if Q1 = (Q1,, C_jlﬂ,) and Q2 = (Qa2, 62711) (in the convenient “vector” notation
for a quaternion), then

Ql : QQ - (Ql,rQQ,r - Cjl,v : @2,11’ Ql,r@lv + QQ,TQI,U + Cjl,v X QQ,U) . (11)
Substituting the appropriate forms of Equations (9) and (10) into Equation (11) yields:

o N N oy . 0
Q-Q° = <—§ SIH(E)’ P cos(§)> (COS(§)’ —d 51n(§)) (12)

Problem 4: Problem 11(a,b,e) in Chapter 2 of MLS.

Part (a): Recall that the matrix exponential of a twist, £, is:

$p PP O

~3
IR TRNRE AN

=T €+ 24

First, let’s consider the case of £ = (v,w), with w = 0. If:

R 0 0 v,
§=10 0 v,
0 0 O

3



then €2 = 0. Thus

) 1 0 ¢v, -
=10 1 ¢v, :[I “ﬂ

Nt
00 1 ol
To compute the exponential for the more general case in which w # 0, let us assume that
l|w|| = 1. In this case, note that ©* = —I, where [ is the 2 x 2 identity matrix. It is easiest

if we choose a different coordinate system in which to perform the calculations. Let

R 0 —w v, o 7
E=|w 0 wv,| = {(—)»T 0}
0O 0 O

(I ov
9= 1gr 1

Let

v

Let is define a new twist, &

§ =gy
| v | v [T WU
|01 0 0|0 1
o (@T+0)] e 0
10 0 10 0
where we made use of the identity &% = —I. That is, we have chosen a coordinate system
in which ¢ corresponds to a pure rotation. Thus,
M o) 0
I
o = { i 1} .

Using Eq. (2.35) on page 42 of the MLS text:

. . o0 o~
% — get€ g1 — [60 (1 61 )wwb]

which is clearly an element of SE(2).

Part(b): It is easy to see from part (a) that the twist £ = (vy,v,,0)” maps directly to the
planar translation (v,,v,).

The twist corresponding to pure rotation about a point ¢'= (g,, g,) can be thought of as the
Ad-transformation of a twist, & = (0,0, w), which is pure rotation, by a transformation, g,
which is pure translation by ¢

¢ =Adpg = (€ h™)Y (14)

where



Expanding Eq. (14) gives:

F =1V w —wq ! o
1

assuming w = 1.

Part (e): Let V? denote the planar body velocity:
~b b
A~ b . w v
"= o)
where & € 50(2), © € R%. Then the planar spatial velocity is:

Ve = Ad, VP = gVbg!

[R p][&* @] [RT —R'P
— 107 1] (0T o] |0 o0

_ [R&*RT —R&PRTH+ R®
107 0
Therefore:
&° = ROPRT  ¥° = R® — ROPRTp = R® — O°p

The spatial angular velocity can be simplified as follows:

21 T92 w O T12 T922 det(R) O

o T {ru m} {0 —w} {m m} :w{ 0 —det(R)} :w{

Using this result:

Therefore:

Problem 4: Problem 14 in Chapter 2 of MLS.

Part (a): Let g € SE(3) denote a homogeneous transformation matrix:

RS E

07 1 0 R
Then:
T _pT> T  (pTA DT T
o= | B TRy o (B —(EIRY R
0 1 or RT 0

—RT
RT

p

|



where we have made use of the identity (}ET\ﬁ) = R"pR. Let’s now compute Ad,Ad,-1:

R pR| [RT —R™p] [I 0
AdgAdff”:{o RHO RT | |0 I

Hence, Ad,-1 must equal (Ad,)~" since AdyAd,-1 = 1I.

Part (b): If
R opy B 52 D2
g1 = 6T 1 g2 = or 1
Then N 5
_ [RiRy p1+ Rips
gi192 = 6T 1
Hence: _ . -
Ad _|RiRy (1 + Rup2) RiRy
9192 - I 0 R1R2
_ |BiRy piRiRy + RipsR{ R\ Ry
I 0 R Ry
_ RiRy pi1RiRy+ RipaRy
0 R R
o Ry piRy| [Re poRe o
[ ] 1 R

Problem 5: (Problem 18(a,b,c,d) in Chapter 2 of MLS).

Part (a): If a frame B is moving with respect to an observing frame A, then

7h ﬁAB
VAB: |:—’S :| .

WaB
Note that
vho— PaB _ RABRQBpAB _|Ras 0 RﬂBﬁAB} _ {RAB 0 }Vb
S Y Rapdp 0 Ras g 0 Rup| “B

Part (b): There are many ways to solve this problem. For example, you could either start
with Proposition 2.14 or Proposition 2.15 on page 59 of MLS which relate the velocities of
three frames, A, B, and C. Let’s choose Prop. 2.15:

Vi = Ad, 1Vl + VL (15)
Using the fact that

m=ﬁ$£}%



Eq. (15) can be written as:

‘R.. 0
vahc = 0 Rac (Adgl;lvabb—i_‘/blz:)
‘R,, 0 1[RT. —RTp, Ry O
- 1o [T TR o |we
[Ray  —Rubpre Ry O0][Rw 0
=10 beb}vab”{ob RabHob ij Vi (16)
_ 1 _(R;Ebc) Ry 0 b h
“lo Ry L0 Ry et A
= Ad_Rabpcha}ll) —I— AdRab ‘/b}CL

Part (c): Let frames A and B be stationary “spatial” frames, and let Frame C be fixed to
a moving body. Let V;" be the hybrid velocity of the body, as seen by an observer in the B
frame. If we now want to express this velocity as seem by an observer in the A frame (i.e.,
changing the spatial frame), we need to calculate V. You can do this using the results of
part (b) of this problem which derived the result:

VZZ: = Ad_Rabpbc‘/a}z + AdRab‘/Zé (17)

If you chose this approach, then since A and B are stationary, V% = 0. Hence, Eq. (16)
takes the form:

Vae = Adg,, Vi,
Hence, the hybrid velocity is dependent on the orientation of the spatial frame, but not its

position.

Alternatively, if you don’t want to rely upon part (b), you can recall that the expression for
the hybrid velocity is: _
h ﬁac
- i)

ac

Since Pue = Pap + RapPhe, and pyp is constant:
ﬁac - Rabﬁbc-
Similarly, o = Rap@pe. Hence, V. is dependent of P, but not Rgp.

Part (d): Let A be a stationary spatial frame. Let B and C be two different frames attached
to a moving body. Let us assume that the velocity of the rigid body is given by V. If we
now switch the location of the body fixed frame from position B to position C, the hybrid
velocity of the body is given by V. Since B and C are both fixed in the body, then V}* =0
in Eq. (16). Hence Eq. (16) reduces to:

V= Ad_ g, V5

abPbe * a



Hence, the hybrid velocity in only dependent on py., the position of the body frame, and not
on Ry, the orientation of the body fixed frame. Alternatively, you could compute V" in a
“brute force” way:

Vh — |:ﬁac:| _ [%(ﬁqb+RabﬁbC):| _ |:ﬁab+@ZbRabﬁbc):|

('_‘jac (Rac R;{c) v (Rab Rbc RZ; RaTb) v
ﬁab + C‘A}CSL Rabﬁbc
= |: stb ) = Ad_Rabpbc Va}lL)

Thus, the result only depends upon pj., and not Ry..



