ME 115(a): Solution to Homework #4

Problem 1:

Let the three rotating frames be termed the “i-frame,” “¢-frame,” and the “y-frame.” The
spatial angular velocity of the body will be the same as the spatial angular velocity of the
~v-frame:

& = R'&), + RO& + TR, (1)
where @’2} is the body angular velocity of the v-frame, *RY is the orientation of the 1)-frame
with respect to the stationary frame, etc. The body angular velocities are simply:

0 0

J Y
g=lo| a=lo| @=|o
WY 0 0
while the orientations of the frames are:
cosy —siny 0 cos¢p 0 sing
SRY = |sinyy  cosy 0 YR? = 0 1 0
0 0 1 —sing 0 cos¢

1 0 0
SRY= |0 cosy —sinvy
0 siny cosvy

Using these frames, one can determine:

SR¢:SR¢1/JR¢> SR’YZSwaRWbR’Y.

Substituting into Equation (1) results in:

0 —‘é sin v 4 cos 1 sin ¢ | —.¢ﬁ sin v + 7 cos 1 cos ¢
&= |0+ | ¢gcosyp | + |¥singsing| = ¢ cosy +ysiny cos @ (2)
W) 0 yeosg | ) — A sin ¢
Problem 2: (Problem 11(d,e) in Chapter 2 of MLS). Part (d): Let
_[A 7
=07 1

where A € SO(2) and 7 € R%. Then direct calculation shows that gg—' and g~'¢ are twists.

The spatial and body velocities have definitions analogous to those for 3-dimensional rigid
bodies



Part (e): Let V? denote the planar body velocity:
~b b
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where &° € s0(2), @ € R?. Then the planar spatial velocity is:

Ve = Ad, VP = gVbg !
[R p][&* @] [RT —R"P
0T 1 {GT 0] 07 0 }
_ [R&PRT —ROPRTH+ R
[

Therefore:
&° = RW'RT  #° = Rit® — ROPRTj = R°

The spatial angular velocity can be simplified as follows:

O — R(IjbRT _ |:7"11 7“12:| [0 —w:| |:7’11 7”21:| :w|: 0 —det(R)

21 T929 W 0 T12 T929 det(R)

Using this result:

Therefore:

Problem 3: (Problem 13(a,b) in Chapter 2 of MLS).
Let &, = (=& X qo + hd,, @,).

Part (a): The configuration of A relative to B is given by g,

-1 _ RZI; _RZbﬁab
gab - 6T 1

Thus, the representation of ¢, and &, in B is:

qb = Raan - Rabpab
— T —
Wby = Ry,



Substituting these equations into the expression:

e = [@xa+hd,
a I u—j‘b
 [-RL®.G, — RLpu@a + hRLG,
o L Rgbuja
_ 'RT, —RILpu| [(&a X G + hid,
0 RL, @q
= Ad & (5)
Part (b):
Cj‘ = ﬁ + RJa
& = R,
Hence,

- [—u? X q +h¢3’} _ [—Rufa x (p+ Rqa) + hRw,

w Ru_ja
_ |R PpR| |—W X g4 + hid,
|0 R D,
= Adyt (6)
Problem 4: (Problem 14(b) in Chapter 2 of MLS:)
If
R1 ]71 RQ ﬁQ
gl:{ﬁT 1} 92:{(? 1}
Then . .
_ |RiRy p1+ Raips
9192 = or 1
Hence: i} . .
Ad _ | BaRR (p1 + Rip2) R1 R,
9192 I 0 R1R2
_ RiRy p1RiRy + RipoRI R Ry
0 Ri R
_ RiRy p1RiRy + RipaRy
0 RiRs
_|Ry p1Ri] [Ry po2Ro|
- I 0 Rl } {0 RQ 1 - AdshAdgz

Problem 5: (Problem 16(a,b) in Chapter 2 of MLS).

Part (a): go3 can be determined in a variety of ways, such as by using the Denavit-
Hartenberg, the product of exponentials (POE) approach, or a “brute force” approach.
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Let’s use the POE. Assume that the reference configuration is that given in Figure 2.17 of
MLS. Hence, gsr(0) is:
0 0
_ 0 (Ii +1y)
0 1

o O O
o O OO

The twist coordinates of the joint axes (in the reference configuration) are:

o~
[y

w1

= hi@y + p1 X &y
51 — - —
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- h1@a + pa X Wy
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The forward kinematics is then given by

gsr = e"e"2g40(0)

COS(Ql + 92) - Sin(¢91 + 92) 0 —(ll sin 91 + 12 sin(@l + 92))

sin(f; 4+ 603)  cos(61+602) 0 lycosB; + lycos(br + 6s) (7)
0 0 1 lo
0 0 0 1

Part (b): Given ggr, the spatial velocity can easily be computed as
Ver = (gsrgsr) " (8)
Later will will learn that one can formally rearrange these equations into the form:
Ver = Jsrt
where Jg, is termed the spatial Jacobian matriz. One could substitute Eq. (7) directly into

Eq. (8) and carry through with the tedious algebra. To get a “hint” about the Jacobian
matrix, note that

. d 2o g . 1
gSTgsjl* — % <€01€1 e@lfzgST(O)> (69151 eezgggST(o))
= (9'151691él 6915295T<O) + 69151 925269252QST(0)) ggjl,(O)e*e?& 6*9151

= 0,6+ 9269151526_9151 (9)



Hence, the spatial Jacobian matrix takes the form:

Jor = [51 5;} = [51 Adeolélé

0 [ cosb, |

0 [ysinb,
oo
|0 0

0 0

_1 1 .

Problem 6: (Problem 18(b,c,d) in Chapter 2 of MLS). Part (b): There are many ways to
solve this problem. For example, you could either start with Proposition 2.14 or Proposition
2.15 on page 59 of MLS which relate the velocities of three frames, A, B, and C. Let’s choose
Prop. 2.15:

Vi = Ad, V) + V) (10)
Using the fact that

R 0
h ac b

V:zc - |: 0 Rac‘| V:zc

Eq. (10) can be written as:

‘R,. 0
Vho = 0 RaJ (Ad, A VE +Vih)

R O7[RE —RIpwl s  [Rae 071,

=10 R0 REL |YeT| o R,|VE

_ -Rab _Rabﬁbc b Rap 0 Ry 0 b

o i 0 Rab :|Vab+ 0 Rab 0 Rbc ‘/bc (1].)
(I —(Ryp)] [Ray 0]

=1, (Rbbpb )1 {Ob R Vi + Adg,, Vi

= Ad_RabpchaflL) + AdRab ‘/E)}CL

Part (c): Let frames A and B be stationary “spatial” frames, and let Frame C be fixed to
a moving body. Let V;" be the hybrid velocity of the body, as seen by an observer in the B
frame. If we now want to express this velocity as seem by an observer in the A frame (i.e.,
changing the spatial frame), we need to calculate V. You can do this using the results of
part (b) of this problem (which was not assigned), which derived the result:

‘/a}(L’) = Ad_Rabpbc‘/a};J + AdRab‘/;)}é (12)

If you chose this approach, then since A and B are stationary, V% = 0. Hence, Eq. (12)
takes the form:
Vae = Adpr,, Vi



Hence, the hybrid velocity is dependent on the orientation of the spatial frame, but not its
position.

Alternatively, if you don’t want to rely upon part (b), you can recall that the expression for
the hybrid velocity is: _
h ﬁac
- Ji]

ac

Since Pue = Pap + RapPhe, and pgp is constant:
ﬁac = Rabﬁbc-
Similarly, g = Rap@pe. Hence, V1 is dependent of P, but not Rgp.

Part (d): Let A be a stationary spatial frame. Let B and C be two different frames attached
to a moving body. Let us assume that the velocity of the rigid body is given by V. If we
now switch the location of the body fixed frame from position B to position C, the hybrid
velocity of the body is given by V. Since B and C are both fixed in the body, then V} =0
in Eq. (12). Hence Eq. (12) reduces to:
Va}é - Ad_Rabpbc Va}lL)

Hence, the hybrid velocity in only dependent on py., the position of the body frame, and not
on Ry, the orientation of the body fixed frame. Alternatively, you could compute V" in a
“brute force” way:

Vh _ ﬁac _ %(ﬁa_b + RabﬁbC) _ ﬁqb + @ZbRabﬁbc)
(RocRL.)Y (R Ry RERT)Y

ﬁab + ws; Rabﬁbc
= |: ab ):| = Ad*Rabpbc‘/:I’z

s

Wab

Thus, the result only depends upon pp., and not Rj..



