ME 115(a): Solution to Homework #4
(Winter 2009/2010)

Problem 1: (10 points)
The Euler-Angle representation of the moving body’s orientation is
R=RyRyR,

where R, € SO(3) represents rotation by angle 1) about the body fixed z-axis, Ry € SO(3)
represents rotation by angle ¢ about the body fixed y-axis, and R, € SO(3) represents
rotation by angle v about the body fixed z-axis:

costy —siny 0 cos¢p 0 sing
Ry, = |siny cosyp 0 Ry = 0 1 0
0 0 1 —sing 0 coso

cosy —siny 0
R, = [siny cosy 0
0 0 1

The spatial angular velocity of the rigid body is:
& = RR'=(RyRyR,+ RyRsR, + RyRyR\)R 'R, R
= RyR;'+ Ry(RsR,")R,' + RyRs(R,R;" )R, 'R}
= @5+ RyWR, + RyRyWIR, 'R} (1)
where wy, = R¢R_1, Wy = R¢R_1, o5, = RWR;1~ Converting to vector form:
G° = (&%) = Wy, + Ry &y + Ry Ry &7 (2)

The angular velocities are simply:

0 0 0
Ty = (RuRS)Y = |0 Ty = (ReR)' = |6 = R0
¥ 0 gl

Substituting into Equation (2) results in:

0 —¢siny A cos 1 sin ¢ —@sin e + 4 cos 1 sin ¢
@' =10+ beosyp | + |Asinsing| = | ¢cosy + A sine)sing (3)
Y 0 Y cos ¢ U+ 4 cos g

Problem 2: (15 points) Problem 11(a,b,e) in MLS Chapter 2.
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Part (a): Recall that the matrix exponential of a twist, £, is:

A 2/\ 3/\
%£+§£2+¢—,£3+---

¢~§:_]
e + 3]

First, let’s consider the case of £ = (v,w), with w = 0. If:

R 0 0 v,
§=10 0 v,
00 0
then £2 = 3 = ... = 0. Thus
) 1 0 ¢v, q
e =10 1 ouy | = [é; Ulﬂ
00 1

There are two approaches to compute the exponential for the more general case in which
w # 0. One could calculate the expansion in a brute force manner. Alternatively, one could
first compute the exponential for a simpler matrix, and then transform the exponential to
obtain the desired result. First, let’s assume that ||w|| = 1. In this case, note that ©* = —1,
where [ is the 2 x 2 identity matrix. Let

R 0 —w v, o 7
3 P =[ ] ()

be the general twist matrix that we want to exponentiate. Let’s transform this matrix to a
different coordinate system where the exponentiation will be easier. Let

|1 W
I= 107 1
be the rigid body displacement between the coordinate system in which the twist of Equation

(4) is originally defined, and a new coordinate system. In the new coordinate system, the
twist, £, takes the form::

£ =g'¢y
| —wv) o v [T WU
N {O 1 {O 0] [0 1
o @Pr+0)] _ [@ 0
=[5 =10 o)
where we made use of the identity & = —I. That is, we have chosen a coordinate system

in which f/ corresponds to a pure rotation. Thus, the exponentiation of this twist leads to
an algebraically simple formula:



Using Eq. (2.35) on page 42 of the MLS text, we can transform this result back to the
original coordinates to obtain the exponential that we seek:

. o Pw I PN\ N
e% — geté g1 60 ( 61 )i

which is clearly an element of SE(2).

Part(b): It is easy to see from part (a) that the twist £ = (vy,v,,0)” maps directly to the
planar translation (v,,v,).

The twist corresponding to pure rotation about a point ¢'= (g, g,) can be thought of as the
Ad-transformation of a twist, & = (0,0, w), which is pure rotation, by a transformation, g,
which is pure translation by ¢

£ =Ady¢ = (h{h)Y (5)

where

Expanding Eq. (5) gives:

v (o —eq)t | M
S = (hg h ) - |:6T 0 :| = |4
1

o =1
assuming w = 1 0 .

Part (e): Let V? denote the planar body velocity:

Ab b
Ab_ w v
"=l

where & € 50(2), ©* € R®. Then the planar spatial velocity is:

Ve = Ad, VP = gVtg!
_[R p][eb "] [RT —RTY
07 1) |07 o] [067 0 1
_ [R&PRT —ROPRTP+ R
[

Therefore:
&° = RO'RT  ¥°* = R® — ROPRYp = R® — o°p

The spatial angular velocity can be simplified as follows:

vs _ pebpT _ [T Ti2| |0 —wi |t T | 0 —det(R)| [0 =1 .,
W= R = |:7“21 7’22} Lu O:| |:7”12 7’22:| _w[det(R) 0 - v
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The spatial translational velocity can be rearranged
#® = R —'F=Ri’+ {fly)} (6)

so that we reach the desired form

Problem 3: (10 points) Problem 13 in MLS Chapter 2.

Let &, take the form:
Do X WDg + hidg
o= [P XA )

Wa

Part (a): The configuration of A relative to B is given by g,

-1 _ RaTb _RaTbﬁab
Gap = GT 1

Thus, the representation of g, and &, in B is:

Po = RaTbﬁa - RaTbﬁab
(Ijb == Rgbu_ja (8)

Substituting these equations into the expression:
-ﬁb X (ﬂb -+ hc_Jb
Sa - —
Wy

-_szd)ap_‘a - Rgbﬁab(zja + hRZ‘b&a

I RL.&,

— -RZb _RZbﬁab (ﬁa X Wo + "y

0 RT, Wq

= Ad& 9)

no5
Part (b): The screw is now transformed by a rigid motion g = [(v ﬂ In the new

coordinates, the screw location is described by

L

P+ Rpa

= R&,

€l



Hence,
o [ x& +hd [P+ Rpw) x (R&,) + hRG,
n] - R3,
"~ [R PR] [fu X @0+ hidy
0 R Wq
S (10)

Problem 4: (10 points) Problem 14 in MLS Chapter 2.

Part (a): Let g € SE(3) denote a homogeneous transformation matrix and Ad, the Adjoint
transformation associated to displacement g:

(R p _|R pR
o=|or 5] aa=[5 7]
Then:

., [R" —RTj
0t RT 0 RT

RT —F/KT\RT_ RT _RTA
g = lgr 1 } Adg— = (R'D) :[ P

where we have made use of the identity (ET\]?’) = R"pR. Let’s now compute Ad,Ad,-1:

_[R pR)[R" —R™p] [I 0
AdyAdy-r = [0 R} [0 RT |~ |0 I

Hence, Ad,-1 must equal (Ad,)~* since Ad;Ad,~1 = 1.

Part (b): If
_[fop _ (B2 P
g1 = OT 1 g2 = OT 1
Then
RiRy pi+ Ryp-
G102 = [ (‘1)’T2 b1 X 1]72}
Hence: i . .
Ad ~ |RiRy (p1 + Rup2) RiRy
9192 - I 0 R1R2
_ |BiRy piRiRy + RipoR{ R Ry
I 0 R R,
_ RiRy p1RiRy + RipaRy
0 RiRs
. Ry piRy| [Re paRe .
- I 0 Rl :| |:0 R2 :| - AdQ1Ad92

Problem 5: (15 points) Problem 18(a,b,c,d) in MLS Chapter 2.
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Part (a): Let

G (t) = [RcéjT(t) d%b]

denote the relative location of a moving body (with a reference frame “B” attached to the
moving body) with respect to a fixed observer in frame “A.” The body velocity of the moving
body is:

. 2 T
Vab — —1 t 'a t \Y — |:7iab:| — Rabdab 11
b = (9 (1)gas(t)) ng (BT Ry (11)
To show the desired result,
Ra 00 os _ [Ra O] |RLd| _ |RaRYd| _ |du| _ o
V = ab%ab abdlgptlab | — ab | — V
5wl [ ) [ - - |

where we have used the fact that &5, = R,

Part (b): There are many ways to solve this problem. For example, you could either start
with Proposition 2.14 or Proposition 2.15 on page 59 of MLS which relate the velocities of
three frames, A, B, and C. Let’s choose Prop. 2.15:

V= Ad V-V (12)
Using the fact that

%zﬁﬁﬁ}%

Eq. (12) can be written as:

meQ%C£MMM%+%>
:%wécﬁlf%ﬂ%+%w£ﬂ@
_ 'Rgb —Jl%%ajbﬁbc} v {Rgb RZJ fi RO,,C Vv 13)
_ _é —(R;bpbc)] {Roab R(lJ V4 + Adg,, Vi

— Ad_pyp, VE + Adp,, V"

abPbc ¥ ab

Part (c): Let frames A and B be stationary “spatial” frames, and let Frame C be fixed to
a moving body. Let V;" be the hybrid velocity of the body, as seen by an observer in the B
frame. If we now want to express this velocity as seem by an observer in the A frame (i.e.,
changing the spatial frame), we need to calculate V. You can do this using the results of
part (b) of this problem, which derived the result:

Vie = Ad_p,yp, Vo, + Adr,, Ve (14)

abPbc
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If you chose this approach, then since A and B are stationary, V. = 0. Hence, Eq. (13)
takes the form:

‘/;lhé = AdRab‘/Ejé
Hence, the hybrid velocity is dependent on the orientation of the spatial frame, but not its
position.

Alternatively, if you don’t want to rely upon part (b), you can recall that the expression for
the hybrid velocity is: '
Vh — ﬁac
ac u_)’s

ac

Since Pue = Pap + RapPhe, and pyp 1S constant:
ﬁac = Rabﬁbo
Similarly, G, = Rappe. Hence, V" is dependent of j;, but not Rgp.

Part (d): Let A be a stationary spatial frame. Let B and C be two different frames attached
to a moving body. Let us assume that the velocity of the rigid body is given by V2. If we
now switch the location of the body fixed frame from position B to position C, the hybrid
velocity of the body is given by V. Since B and C are both fixed in the body, then V}* =0
in Eq. (13). Hence Eq. (13) reduces to:
Va}é = Ad*Rabpbc Va}ll)

Hence, the hybrid velocity in only dependent on py., the position of the body frame, and not
on Ry, the orientation of the body fixed frame. Alternatively, you could compute V" in a
“brute force” way:

Vh _ |:ﬁac:| _ [%(ﬁab“‘RabﬁbC)} _ [ﬁab+@ZbRabﬁbc)1

e U_jac (RGCRgc)V (RabRbCRg;Rgb)v
_'a + (2)5 Ra Dy c
= |:p ’ u_j;gb bpb )1 = Ad*Rabpbc ‘/;l};;

Thus, the result only depends upon pj., and not Rp..

Problem 6: (20 Points) You were asked to calculate the velocity of a moving rigid body
assuming that you know the velocities of 3 non-collinear points (P, @), and R) in the body.

Let points P, @), and R be located at positions 77, 72, and 73 with respect to a fixed observer.
Let the velocities of each of these points be 7, 75, and 3. Recall that a spatial velocity has

the form )
~ ws v
VS = —
0
In general, let p’ denote the location of a particle in the moving body, with respect to the

observing frame. Recall that the velocity of this particle, p, as seen in the observing frame,
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is related to the location of the particle (as seen in the stationary observing frame) by
p= V‘*]vahere we have used the same notation for homogeneous coordinates. Thus, for
each of the particles the following relationship holds:

7.71 = @°x Fl + v (15)
P o= X+ (16)
Py o= & X7+ (17)

Hence, we have three simultaneous equations in the unknowns &* and ¢®. To solve these
equations, we follow closely the technique that was used in the handout entitled “ Computing
the Screw Parameters of a Rigid Body Displacement.”

Step 1: subtract Equation 17 from Equations (15) and (16).

P o= & (7 — ) (18)
7%’2—7‘73 = %X (77 Fg) (19)

Step 2: Take the cross product of the vector (7% — %) with Equation (18).

(i — %) X (P — %) = (P — 73) X (&° X (FL — 7). (20)

Step 3: We now use two facts. First, we use the triple vector identity a x (5 X ¢) =
(@-&)b—(a-b)é. Second, from Equation (19) we know that 7 — 73 is orthogonal to &. Hence,
Equation (20) reduces to

&L
—
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Step 4: Any one of Equations (15), (16), or (17) could be used to solve for v*.



