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Abstract

Wedescribeanapproachto analyzingsingle-andmulti-unit (ensemble)dischargepatternsbasedon
information-theoreticdistancemeasuresandonempiricaltheoriesderivedfrom work in universalsignal
processing.In thisapproach,wequantifythedifferencebetweenresponsepatterns,bethey time-varying
or not,usinginformation-theoreticdistancemeasures.Weapplythesetechniquesto singleandmultiple
unit processingof soundamplitudeand soundlocation. Theseexamplesillustrate that neuronscan
simultaneouslyrepresentat leasttwo kindsof informationwith differentlevels of fidelity. Thefidelity
canpersistthrougha transientanda subsequentsteady-stateresponse,indicatingthat it is possiblefor
anevolving neuralcodeto representinformationwith constantfidelity.
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1 Intr oduction

Neural codinghasbeenclassifiedinto two broadlydefinedtypes: ratecodes the averagerateof spike
discharge andtiming codes thetiming patternof discharges.Debatesrageover theeffectivenessof one
codeover anotherandover whetherthis categorizationeven applies. Complicatingthe debatearerecent
resultsthatsuggestsingle-unitresponsesinadequatelyexplain informationcoding.For example,theoretical
considerationsindicatethat single-neurondischarge patternsin the mammalianauditorypathwayaretoo
randomto effectively representsound[19]. Coordinatedresponsesof neuronswithin sensoryandmotor
nucleihave beenfound,with dischargetiming relationsamongneuraloutputshaving significance[1, 3,8,
22,24,27,29]. Consequently, muchcurrentwork hasfocusedonpopulationactivity, usingthefundamental
assumptionthatcoordinatedsequencesof actionpotentialoccurrencetimesproducedbygroupsof neurons
collectivelyrepresentthe stimulus-responserelationship. Thus,todaythe “neural code” is takento mean
how groupsof neurons,respondingindividually andcollectively, representsensoryinformationwith their
discharge patterns[5]. Knowing the codewould unlock the secretsof how neurons,working in concert,
processandrepresentinformation.

In developingdataanalysistechniquesthat seekto elucidatetheneuralcode,somekind of averaging
is requiredbecauseof the stochasticnatureof the neuralresponse.The simplesttechniquesrequiresta-
tionary responses:The probability law governingthe responsemustnot changewith time. Among these
areseveral interspikeinterval statistics[19], andauto-andcross-correlationtechniques[2]. To quantify
time-varying responses,responsesareaveragedover several stimuluspresentationsthat arespacedsuffi-
ciently far apartin time to prevent adaptationandsequentialstimuluseffects. Suchresponsesaresaidto
be cyclostationary[12]: The probability law varieswith time but doesso periodically, the periodequal-
ing the inter-stimulusinterval. The well-known PSThistogrammeasures,undera Poissonpoint process
assumption,how the discharge ratechangesafter eachstimuluspresentation[19]. All of thesemeasures
spring from a point processview of neuraldischarge patterns.Using point-process-basedmeasuresand
elaborationsof them,we could in principle estimatethe point processmodel that accuratelydescribesa
neuron’s responseto eachstimulus. In our experience,having sucha point processmodeldoesnot reveal
whatstimulusfeaturesarebeingcodedandwhen,andhow effectivethecodeis in representingthestimulus.
For example,wedevelopedapoint processmodelfor thetone-burstresponsesof singleunitslocatedin the
lateralsuperiorolive (LSO) [31,32] andanunderlyingcomputationalbiophysicalmodel[33]. While these
modelsprovide a notionof the response’s structure,they do not helpusdeterminethe typical LSO unit’s
informationprocessingroleandwhatprocessingfunctionthevarietyof LSOresponsetypesmayengender.
Whathasbeenleft out is quantifyingboth theresponse’ssignificanceandits effectivenessin representing
sensoryinformation.

New techniquesareemerging that takea broaderview. Onedevelopedby Victor andPurpura(1997)
measuresthedistancebetweentwo responsesby determiningthenumberof stepsit takesto systematically
transformonedischargepatterninto another. Mutual informationcalculations[11,23] measurehow effec-
tively a spiketrain encodesthe stimulusunderPoissonassumptions.Neuralnetworkmodelshave been
trainedonrecordedneuralresponsesto determinehow well theseresponsescanbeusedto determinestim-
ulusparameters[21]. Thesemethodsyield responsemetricsthataredifficult to relateto how well systems
canextractinformationfrom single-or multiple-neuronresponses.Wheninputsto aneuralpopulationhave
beenmeasuredandcharacterized,how do we judgehow well thepopulationextractssensoryinformation?
In fact,how wouldwe know if a populationdid extract informationor simplyservedasarelay, passingthe
informationalong(possiblyin a differentneuralcode)to its projections?We mustbeableto quantify the
neural code: What aspectof a neuralensemble’s collective outputrepresentsinformationandwhat is the
fidelity of this representation?This paperdescribesa new information-theoretictechniquefor measuring
whenandto whatdegreeresponsesdiffer in a way that canbe relatedto how optimalsystemsperformin
decodingneuralresponses.
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Figure 1: A neuralsystemhasas inputsthe vectorquantity � that dependon a collectionof stimulusparameters
denotedby thevector � . Theoutput � thusalsodependsonthestimulusparameters.Both inputandoutputimplicitly
dependon time. Notethattheprecisenatureof theinput is deliberatelyunclear. It canrepresentthestimulusitself or
a population’scollective input.

Considerthesimplesystemshownin Figure1. Conceptually, thissystemacceptsinputs� thatrepresent
a stimulusor a neuralpopulationconveying information (parameterizedby � ) and producesoutputs �
that collectively codesomeor all of stimulusattributes. The boldfacedsymbolsrepresentvectors,and
areintendedto convey the notion thatour system a neuralensemble hasmultiple inputsandmultiple
outputs. Presumably, input stimulusfeaturespreserved in the output are thoseextractedby the system;
thosede-emphasizedin theoutputarediscardedby thesystemanddefineits featureextractionproperties.
To probethesystemandits representationof sensoryinformation,weexperimentallymeasurethesystem’s
outputandits inputsaswevarystimulusconditions.

Relatinginput andoutputfor eachconditionamountsto measuringtheintensityof anunderlyingpoint
processmodel,which doesnot helpquantify theeffectivenessof neuralcoding. Instead,whatwe look for
is how theinputsandtheoutputschangeasthestimulusundergoesa controlledchange.No changemeans
no codingof theperturbedaspectof thestimulus;thebiggerthechange,themorethesystemaccentuates
that sensoryaspect.To quantify change,we needa measurethatquantifiesits degree. In short,what we
seekis a distancemeasure: Giventwo setsof stimulusconditions�
	�����
 , we needto measurehow differ-
ent the correspondingresponses����� 	�� , ����� 
�� are how far apartthey are with somedistancemetric� �����
	 � ��������
 � . Assumingthatpopulationcodesaresubtle,this metricneedsto apply to ensemblere-
sponses,to dynamicaswell assteady-stateresponses,to changesin transneuralcorrelations,andto changes
in temporalcorrelationstructure.

Anticipating our results,Figure2 demonstratesquantifying how two responsesdiffer. The distance
computationdoesnot have any a priori notion of the neuralcodeandis basedon the data,not the PST
histogram.What we want the distancemeasureto uncover is (1) what portion of the responsemostrep-
resentsthestimuluschange,(2) whetherthelaterconstant-rateresponserevealmoreor lessthantheearly
time-varying response,and(3) how well the stimuluschangeis representedby the responsechange?By
plotting how distanceaccumulateswith timesincestimuluspresentation,wecananswerthesequestions.If
thedistancemeasureplateaus,theresponsesdon’t differ overthattimeinterval; if it increases,theresponses
differ in theirstatisticalstructureandthesharpertheincrease,themoretheresponsesdiffer duringthattime
segmentthanin othersegments.First of all, we seethat the responsebegins at abouta 3 ms latency, but
thedistancemeasuresuggeststhatthey don’t differ significantlyuntil after5 ms.Between5 and10ms,the
distanceaccumulatesabout2 bits, andfrom 10 to 25 ms,thedistanceincreasesby another2 bits.1 Thus,
theresponseduringthe5–10msintervalsrevealsmuchabouttheamplitudechangewhile theconstantrate
portionrevealsjust asmuchbut over a time interval threetimeslonger. Fromthis example,we seethatthe
distancecalculationappliesto both time-varyingandconstantrateresponses.The distancemeasurement
appliesto singleandmultineuronresponsesequallyaswell. What the distancemeasuredoesnot reveal
is the precisenatureof amplitudecodingby this neuron;it only assessesthecode’s quality andwhenthe
codingoccurs.However, just becausesomecomponentof theneuralresponsemoreaccuratelyrepresents
somestimuluscomponentthatothersdoesnot meanthatdestinationpopulationsmakemoreeffective use
of that responsecomponentthanothers. As we shall see,resultsfrom informationtheorycanbe usedto

1Our distancemeasurehasunits of bits only becausewe usebase-2logarithmsin its computationand doesnot imply an
informationrate.We describein succeedingsectionshow to interpretdistancevalues.
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Figure2: ThePSThistogramsshown in theuppertwopanelsshow thedramaticallytime-varyingnatureof asimulated
auditory neuron’s to brief tonepulsesthat had differentamplitudes. Shown separatelyin the bottom panelis the
distancebetweenthesecyclostationaryresponses.Distancebetweenresponsesaccumulateswith post-stimulustime,
meaningthat the distancea post-stimulustime � is the distancebetweenresponsemeasuredup to time � . Detailed
analysisresultsareshown in Figure5 for thesamesimulations.

determinethe limits to which systemscanextract informationno matterwhatresponsecomponent(s)they
mayuse.

2 Inf ormation-theoretic distancemeasures

While themeritsof onedistancemeasureversusanothercanbedebated[4], we describeherea collection
of information-theoreticdistancesthat have a clear, intuitive mathematicalfoundation. The underlying
theoryis not rootedin the classicresultsof Shannon,but in modernclassificationtheory, the key results
from which are detailedin the appendix. In this theory, we try to assigna responseto one of a set of
pre-assignedresponsecategories. For example,discerningwhetherthe stimulus is on or off is a two-
category classificationproblem. The easeof classificationdependson how differentthecategoriesare; it
is throughthis aspectof theclassificationproblemthatdistancemeasuresarise.We usethis classification
theoreticapproachbecauserecentresultsfrom universalsignalprocessing2 provide distancemeasuresand
classificationtechniquesthatassumelittle aboutthedatayet yield (in acertainsense)optimalclassification
results. In additionto information-theoreticdistancemeasureshaving a strongmathematicalfoundation,
directempiricalresultshave beenderived.For example,wecandeterminehow complex adataanalysiswe
canperformgivenacertainamountof data.

Errorprobabilitiesin optimalclassifiersdecreaseexponentiallywith thedistancebetweenthecategories.
Using ����� error� to denoteagenericclassificationerrorprobability, ����� error�� "!$#$%'&)(+*-,.(0/-1 , where

� ��2 	 ��2 
��
denotesaninformation-theoreticdistancebetweentwo categories.Thedistancemeasureof particularinter-
esthereis theKullback-Leiblerdistancedefinedto be

3 �546	87�46
 �:9 46	��;� �6<>=@? 46	��-� �46
��-� �
� �A� (1)

2Thetheorysurroundinghow to processinformationuniversallywithoutmuchregardto theunderlyingdistribution of thedata.
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where46	 , 46
 areprobabilitydistributionsthatcharacterizethetwocategoriesand � symbolicallyrepresents
aneuralresponse,beit from oneor severalneurons.Following theconventionof informationtheory, weuse
thebase-twologarithm,whichmeansthatdistancehasunitsof bits. In theGaussiancase(categoriesdefined
to have differentmeansbut thesamevariance),theKullback-Leiblerdistanceequals

��B 
DC �E! <>F ! � bits,with� B 9HG I 	KJ I 
 G C@L . The quantity
� B

is frequentlyusedin psychophysicsto assesshow easily stimuli
canbedistinguished.Whenappliedto non-Gaussianproblems,theKullback-Leiblerdistancerepresentsa
generalizationof

� B
to all binaryclassificationproblems:Thelargerthisdistance,theeasiertheclassification

problem.It measureshow differenttwo probabilitydistributionsare,andit hasseveralimportantproperties.

1.
3 �546	87�46
 �NM"O and

3 �54
7P4 �:9QO .
The Kullback-Leiblerdistanceis alwaysnon-negative, with zerodistanceoccurringonly whenthe
probabilitydistributionsarethesame.

2.
3 �546	87�46
 �R9TS whenever, for someU domain,46
��VU ��9WO and 46	��VU �YX9ZO . If 46	���U �R9WO , thevalue
of 4 	 ��U �6<>=@?\[ *�&^]:1[ /-&^]:1 is definedto bezero.

3. Whentheunderlyingstochasticquantitiesarerandomvectorshaving statisticallyindependentcompo-
nentswith respectto both 4 	 and 4 
 , theKullback-Leiblerdistanceequalsthesumof thecomponent
distances.Statedmathematically, if 46	��-� �:9 _ 4`	���U _ � and4`
��-� �:9 _ 46
��VU _ � ,

3 �546	V�-� � 7�46
V�-� �E�:9 _
3 �546	���U _ � 7�46
V��U _ �E�Na (2)

Furthermore, if 46	��;4`
 describeMarkovian data,3 the Kullback-Leibler distancehas a similar
summationproperty. Taking the first-order Markovian caseas an example, wherein 4 	 �-� �b9
46	V��Uc	 � _ 46	���U _5d 	 G U _ � and46
��Ve � hasa similarstructure,

3 �54`	��-� � 7�46
V�-� ����9 3 �546	���Uc	 � 7�4`
���Uc	 �E�gf _
3 �546	��VU _)d 	 G U _ � 7P46
��VU _)d 	 G U _ �E�Na (3)

where

3 �54 	 �VU _)d 	8G U _ � 7P4 
 �VU _)d 	hG U _ �E�:9 4 	 ��U _ �'U _5d 	��6<>=@? 4 	 ��U _5d 	hG U _ �46
V��U _5d 	 G U _ �
� U _ � U _)d 	 (4)

4.
3 �546	87�46
 �iX9 3 �546
h7�46	 � .
The Kullback-Leiblerdistanceis usually not a symmetricquantity. In somespecialcases,it can
be symmetric(like the just describedGaussianexample),but symmetrycannot,andshouldnot, be
expected.

5.
3 �54+��j6	V��j+
 � 7�4+��j6	 � 4+��j+
 �E�k9ml ��j+	Vn�j6
 � .
The Kullback-Leiblerdistancebetweena joint probability densityandthe productof the marginal
distributionsequalswhatis known in informationtheoryasthemutualinformationbetweentheran-
domvariablesj6	 , j+
 . Fromthepropertiesof theKullback-Leiblerdistance,we seethat themutual
informationequalszeroonly whentherandomvariablesarestatisticallyindependent.

The word “distance”shouldappearin quotesbecause
3 �Ve�7�e � violatessomeof the fundamentalprop-

ertiesa distancemetric musthave: A distancemustbe symmetricin its arguments.As explainedin the
appendix,classificationerrorprobabilitiesneednot have the sameexponentialdecayrateandthis results

3A sequenceof randomvariablesis ocprq -order Markov if the conditionalprobability of any elementof the sequencegiven
valuesfor thepreviousonesdependsonlyon the o mostprevious: sutwv\xzy v�x>{ *�| v�x>{ /V|P}-}-}P~+� s�twv�x5y v\xr{ *�| v�x>{ /;|-}-}P}�| v�x>{@� ~ .
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in theKullback-Leiblerdistance’sasymmetry. This asymmetrypropertydoesnot hindertheoreticaldevel-
opmentsbut doesaffectmeasuringthedistancebetweenrecordedneuralresponses.Consequently, we later
proposea symmetricdistancemeasuredirectly relatedto theKullback-Leiblerdistance.TheGaussianex-
amplealsoindicatesthattheKullback-Leiblerdistancehastheform of asquared-distance: Thesedistances
areproportionalto _ � I & _ 1	 J I & _ 1
 � 
 , whichcorrespondsto thesquareof theEuclideandistance.Thus,we
have asecondreasonto putdistancein quotes.

In addition to quantifyingthe exponentialdecayrateof the error probabilitiesin optimal classifiers,
information-theoreticdistancesdeterminetheeaseof estimatingparametersrepresentedby thedata.Con-
sider the situationwheretwo categoriesdiffer slightly accordingto the valuesof a scalarparameter� :
symbolically, 46	��VU ��9 4$�8��U � and 46
���U ��9 4h� d�� �8��U � . Intuitively, if we caneasilydistinguishbetween
two suchcategories(smallerrorprobabilities),we shouldalsobeableto estimatetheparameteraccurately
(smallerestimationerror). For sufficiently smallvaluesof thedifference�u� , theKullback-Leiblerdistance
is proportionalto the reciprocalof the smallestmean-squaredestimationerror that canbe achieved. The
mathematicalresultsare4

3 ��4h� d$� �67�4$� �N�
�

! <>F !
� ��� � ����� � 
 (5)

Here,
� ��� � denotestheFisherinformation.

� ��� ��9��
� <>F 4h�8��U �� �



9

� <>F 4$����U �� �


4h���VU � � U

with � �.e � denotingexpectedvalue.Thesignificanceof theseformulasrestsin theCramér-Raobound, which
statesthat the mean-squarederror for any unbiasedestimator� of � cannotbe smallerthan

� C � ��� � [15:�
6.2.4].

� � ��J�� � 
 M
�

� ��� � (6)

When two or moreparameterschange,Fisherinformationbecomesa matrix, and the distanceformulas
becomewhatareknown asquadraticforms.

3 �54$� d0� ��7�4$� �N�
�

! <>F !
� � B�� ��� � � � (7)

with
� ��� ��9�� �-��� <>F 4$���VU �E� �V�Y� <>F 4$����U �E� B . Here, ��e � B meanstransposeand �Y� <>F 4�����U � meansthe

gradientof thelog probabilitydensityfunction: � �R<>F 4 � �VU �:9Q��=@< �� � * <>F 4 � ��U � � a'a�a � �� �D� <>F 4 � ��U � . The
Craḿer-Raoboundstill holds,but in a morecomplicatedform.

� � � ��J � � � ��J � � B � M � # 	 ��� �
This resultmeansthat the mean-squaredestimationerror for any oneparametermustbe greaterthanthe
correspondingdiagonalentry in the inverseof theFisherinformationmatrix: � � � � _ J¡� _ � 
 � M � # 	 _¢_ ��� � .
Thusfor any givenstimulusparameterperturbation

� � , the larger theKullback-Leiblerdistancebecomes
(the further apartthe distributionsbecome),the larger the Fisherinformation (equation5), and the least
possiblemean-squarederror in estimatingthe parameterbecomesproportionallysmaller. In short, larger
distancesmeansmallerestimationerrors. This relationshipnot only reinforcesthenotionthatourdistance
measuresdo indeedmeasurehow distinct two classificationcategoriesare,but alsoallows usto determine
how well parametricinformationcanbegleanedfrom data.Information-theoreticdistancemeasuresassess
thelimits of informationprocessing.

4Theterm £^¤N¥ arisesbecausethedefinitionof Kullback-Leiblerdistance(1) uses£§¦V¨ / andthedefinitionof Fisherinformation
usesnaturallogarithms.
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Figure 3: Panel (a) portrayshow we estimatethe Kullback-Leiblerdistancebetweensingle neuronresponsesto
differentstimuli. The responseto eachstimulusrepetitionis time alignedasin PSThistogramcomputation,anda
tableis formedfrom the spikeoccurrencetimes(denotedby an “ ¯ ”) quantizedto the binwidth ° . For eachbin, a
“1” indicatesthata spikeoccurredin a bin anda “0” indicatesthata spikedid notoccur. We accumulatethetypefor
eachbin, forming a histogramof spikeoccurrencesandnonoccurrencesseparatelyfor eachbin from the ± stimulus
presentations(fourareshownin thefigure).A similarsetof typesiscomputedfrom theresponsesto asecondstimulus.
Whenwe assumetheMarkov order ² to bezero,we computetheKullback-Leiblerdistancebetweencorresponding
binsandsumtheresults.Panel(b) generalizesthecomputationsof panel(a) to themulti-neuroncase.In thedepicted
ensembleof threeneurons,the spike patternat any bin could be oneof eight ( ³V´¶µ¸· ) possiblepatterns. Each
possiblepatternis representedby an integerbetween0 and7 in the tableto the lower right. Typesareformedfrom
thesequantitiesanddistancesareagaincomputedseparatelybetweencorrespondingbinsandsummedwhen ²mµº¹ .
Panel(c) illustrateshow first-orderdistanceanalysisis computed.For eachneuron’s (or ensemble’s) responses,the
responsepatternfor two binsat a time is representedby anintegerbetween0 and3 in thebottomtable.Notethatthe
first bin is specialasnobin precedesit. Thisedgeeffectcorrespondsto thefirst termin equation(3). Wecomputethe
zerothorderdistancefor it andthefirst-orderdistancesfor theothers,thensumtheresultto form thetotal distance.

3 Digital representationof neural responses

To developa measureof thepopulation’sresponse,we first convert thepopulation’sdischargepatterninto
a convenientrepresentationfor computationalanalysis(figure 3b). Here,a neuralpopulation’s response
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during the »P¼z½ bin is summarizedby a singlenumberUR¾ thatequalsa binarycodingfor which neurons,if
any, dischargedduring thebin. This proceduregeneralizestheapproachtakenfor thesingleneuroncase,
whereintheoccurrenceof a spikein a bin wasrepresentedby a zeroor a one. Note that this digitization
processfor a neuralensembleis reversible(up to the temporalprecisionof the binwidth): The sequence
� 9À¿ Uc	V� a'a�a �'UR¾V� a'a�a �'URÁRÂ completelycharacterizesthe populationresponse,andthe entiredischarge
patterncanberecreatedfrom it. In developingtechniquesto analyzeneural coding,weneedonly consider
the statistical structure of this sequence. When we presenta stimulusperiodically Ã times, we form
the dataset¿ �Ä	�� a'a�a ���ÆÅÇÂ from the componentresponses.Here, the responseto the I ¼È½ stimulus is
��É 9m¿ URÉ , 	D� a�a'a �'URÉ , ÁRÂ . Becausewerepeatthesamestimulusandtaketheusualprecautionsto mitigate
adaptation,theresultingresponseis cyclostationary[12] (each�ÆÉ obeys thesameprobabilitylaw) and,in
addition,they arestatisticallyindependentof eachother.

In information theoryterminology, a discrete-valuedrandomvariable,suchasthe responsein a bin,
takeson valuesthatare letters Ê drawn from analphabetË . Whenwe have a Ì -neuronpopulationanda
sufficiently smallbinwidth, UR¾ takeson valuesfrom thealphabet¿ Ê'Í8� a�a'a �EÊ�Î # 	VÂ 9m¿8O � a'a'a �'!ÐÏ�J � Â , For
thethree-neuronpopulationexemplifiedin Figure3, thecollection ¿8O � � �Ð!$�ÐÑh��Òh��Ó8�'Ô��'Õ8Â formsthealphabet.
The letter Ê 9 Ñ 9ÖO �h� 
 meansthat a discharge occurredin both neurons#2 and#3 andnot in neuron
#1 during a particularbin. We could form a populationPSThistogramof the population’s responseat a
particularbin to estimatethe probability that ���u�.UR¾ 9 Ê�×Ð� . Information theoriststerm suchhistograms
estimatesof probabilitiestypes[7: Chap.12].

Ø �.UR¾ 9 Ê�×D� 9 �EÙÛÚ�Ü>ÝßÞ�à�Ê�× occursin ¿ Uc	 , ¾D� a'a�a �'URÅ , ¾EÂ �Ã
By accumulatingthismultineuronPSThistogramin thisway, weobtainthedistributionof neuraldischarge
occurrenceacrossthe entirepopulationwithin eachbin. This histogramgeneralizesthe PST histogram
usedto analyzesingle-neuronresponses[19]. In the single-neuroncase,the alphabetconsistsof ¿@O � � Â ,
andonly theprobabilityof oneletterneedbecalculated.ThePSThistogramconsistsof a typeat eachbin
thatestimatestheprobabilityof a discharge(theletter

�
) occurring.Theonly otherremainingvalueof the

type
Ø
]Ná ��UR¾ 9QO@� is foundby subtracting

Ø
]Ná ��UR¾ 9

� � from one.
Justasin theusualPSThistogram,thismultiunit PSThistogramdoesnot faithfully representtemporal

dependencethatmaybepresentin theensembleresponse[17]. Themultiunit PSThistogramessentiallyas-
sumesresponsesoccurindependentlyfrom bin to bin whatamountstoaPoissonassumption becauseno
recordis keptof whatprecededaparticularpopulationdischargepatternin eachbin whenthetypeis calcu-
lated.Thisassumptionis moreseriousherethanin thesingle-unitcase:While departuresfrom Poissonbe-
havior maynotbesignificantin thesingle-unitcase,adischargein oneneuronmaywell affectanother’sdis-
chargeoccurringseveralbinslater. Wewantouranalysistechniquesto besensitiveto thispossibility,andgo
beyondthePSThistogramin providing insightinto theneuralcode.In themostgeneralcase,weshouldes-
timatethejoint probabilityof populationresponseacrossall bins: ���u�.Uc	 9 Ê�× * �'Uc
 9 Ê�× / � a'a'a �'URÁ 9 Ê�×�â�� .
Becausewe have ! Ï possiblelettersin eachbin and ã bins,we needto estimate! Ï Á probabilities.Most
of thesewill be zero certaindischarge patternswill not occur but knowing this doesnot alleviate the
overwhelmingdemandachieving anaccurateprobabilityestimateplaceson datacollection.

To approximatethe temporaldependencestructureof the populationresponse,we assumethat it has
a Markovian structure:Theprobabilityof a particularpopulationresponsein a bin dependsonly on what
responsesoccurredin theprevious ä bins.Thisassumptionmeansthatweapproximatethejoint probability
of theneuralresponseby

Ø �-� ��9 Ø ��U 	 � a�a'a �'URå �
Á

¾Eæ å d 	
Ø �VU ¾@G U ¾ # 	 � a�a'a ��U ¾ # å �Na
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The demandsplacedon datacollectionaregreatlyreducedwhenwe employthis approximation.Recent
resultsin informationtheory[30] prescribehow muchdataareneededbyanybin-basedtechniquetoanalyze
datato a givendegreeof dependence:

äèç <>=h? ��é f � �
<>=@? �E! Ï f � � � (8)

whereé is theamountof averagingusedin analyzingthedataand Ì thenumberof neurons.For nonstation-
ary responsesé equalsthenumberof stimulusrepetitionsÃ while for stationary(constantrate)responses
it equalsthe numberof bins in the measuredresponse.This resultmakesthe point that the amountof
dataneededgrows exponentiallyin the dependenceorderandin the numberof neuronsin the ensemble:
éëêì! åîí Ï . Computationalexperimentsindicatethat this boundis not particularly tight, andwe do not
analyzedatato ashigh anorderastheboundpermits.

As shown in figure3c,temporaldependenceis easilyincorporatedinto type-baseddistancecalculations.
For eachbin, a joint type estimatesthe joint probability thata givenensembleresponsepatternoccursin
it andthe precedingä bins. Extendingour example,ratherthan just countingthe numberof times UR¾
assumesvariousvalues,weneedto know thejoint distributionof ��UR¾ # 	D�'UR¾ � to assessfirst-orderMarkovian
dependence.Becausethe PSThistogramis equivalentto zeroth-orderanalysis,employingjoint typesin
measuringresponsedifferencescan reveal responsechangesnot revealedby the PST histogram,be it a
single-or multi-unit histogram.Temporaldependencein discharge probabilitiescanarisein a variety of
ways:amongthemaredependenceondischargehistory[18,31,32],non-exponentialintervaldistributions5,
andsyn-fireresponsepatternsin ensembles[1, 22]. TheMarkov dependenceä correspondsto a temporal
analysiswindow äðï s long. Theboundon ä determinesthe longestinterval over which interneuronand
intraneuronresponsedependenciescanbeincludedin theanalysis.For agivenamountof data,theonly way
to extendtheanalysisinterval is to usea largerbinwidth,which meansthattemporalprecisionis reduced.

4 Calculating distancebetweenresponses

Let �����
	 � and �����

 � representthe responsesof a neuralpopulationto two stimulusconditionsparam-
eterizedby �
	�����
 . What we want to measureis the distancebetweenthe joint probability distributions
correspondingto theseresponses.Using theKullback-Leiblerdistanceasan example,we would want to
find

3 � Ø � * �-� � 7
Ø � / �-� �E� . To managethis statisticalcomplexity, we mustassumethat the responsein a

given bin depends(in the statisticalandpracticalsense)only on the responsesthat occur in the immedi-
atelyprecedingä bins.Oncethisanalysisdependenceorder is chosen,thedistancecalculationgeneralizes
equation(3).

3 � Ø � * �-� � 7
Ø � / �-� �E�  9

3 � Ø � * ��U 	 � a�a'a ��URå � 7
Ø � / ��U 	 � a'a�a �'URå �E�

f
Á

¾Eæ å d 	
3 � Ø � * ��UR¾ G UR¾ # 	D� a�a'a �'UR¾ # å � 7

Ø � / ��UR¾ G UR¾ # 	V� a'a'a �'UR¾ # å ���
(9)

The“  9 ” relationmeansthatthis relationis only trueaccordingto assumption,andthedata’sactualdepen-
dencestructuremaydiffer. If ä equalsor exceedsthememorypresentin theresponses,thisequationholds:
Picking ä too large doesnot hurt. The problemariseswhen ä is chosentoo small; in this casethe two
sidesof equation(9) arenot equal.MathematicalanalysissuggeststhatKullback-Leiblerdistancescalcu-
latedusingasmaller-than-requireddependenceordercouldbesmalleror largerthantheactualvalue.Thus,
to measureaccuratelythedistancebetweentwo responses,distancesmustbecomputedusingincreasingly
largervaluesof ä until thecalculatedvaluesstabilize(don’t changewith increasingä ) or theupperlimit

5Thissituationis particularlysubtle.Evenwhentheresponsecanbewell modeledasarenewalprocess(interspikeintervalsare
statisticallyindependentfrom eachother),theprobabilityof a dischargein a bin dependson how long agothepreviousdischarge
occurred.
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of (8) is reached.Wedecidewhenthedistancereachesaconstantvalueby employingstatisticaltests;in the
following sectionswe describethe statisticalpropertiesof distancesandhow to estimatetheir confidence
intervals. On theotherhand,if we have insufficient datato reacha stabilizingvalueof ä , we cannotsay
whetherthecomputedvalueis a lower or anupperbound.Becausetemporaldependencein dischargepat-
ternsusuallyspanssometime interval, we needto choosea larger binwidth (at the sacrificeof temporal
resolution)to spanthis interval with the samenumberof bins to obtainaccuratedistancemeasurements.
We addressthebinwidthselectionproblemin section5.3.

As succeedingexampleswill show, the Kullback-Leiblerdistance’s asymmetryproperty
3 �54
7�ñ �ðX93 ��ñ�7�4 � is indeedreal, with the distancebetweentwo responsesdependingon the order the responses

appearin theformula. In someapplications,a referencestimulusconditionoccursnaturally, andwewantto
measurehow responsesdiffer from areference;theKullback-Leiblerdistancecanbeusedin suchsituations
(the secondargumentdenotesthe referencedistribution). Otherwise,the asymmetrybecomesa nuisance
andweneedasymmetricdistancemeasure,like theChernoff distancedefinedin theappendix.Calculating
the Chernoff distancecanbe so dauntingthat we needto consideralternative symmetricdistances.One
possibility is known asthe ò -divergence,which equalstheaverageof the two Kullback-Leiblerdistances
thatcanbedefinedfor two probabilitydistributions.

ó �54`	V�E46
 �:9
3 �546	h7P46
 ��f 3 �546
h7P46	 �

! (10)

Thisdistanceis notaspowerful astheKullback-Leibleror theChernoff distancesin thatit only boundsthe
averageerrorprobabilityof anoptimalclassifier.

< Ü>ÝÅ¶ô\õ
<>=@? Ø e

Ã M J ó �546	��E46
 �
Calculationsshow that this boundcanbe quite generous(not very tight). Thoughit may be easyto find
(it’ s the sumof easilycalculatedKullback-Leiblerdistances),but we canonly approximatelyrelateit to
classificationerrorrates:The ò -divergenceis overly optimistic.

A moreaccurateapproximationis theso-calledresistoraverageof thetwo Kullback-Leiblerdistances.

ö �54`	V�E46
 �:9
3 �54`	�7�4`
 � 3 �54`
�7�4`	 �3 �546	h7P46
 ��f 3 �546
h7P46	 � (11)

Theorigin of thename“resistoraverage”arisesbecauseasimplerewriting of thisdefinitionyieldsaformula
thatresemblestheparallelresistorformula.�

ö �54`	V�E46
 � 9
�

3 �546	h7P46
 � f
�

3 �546
h7P46	 �
This quantity is not arbitrary. Ratherit is derived in a way analogousto the Chernoff distance,andhalf
of it approximatesthe Chernoff distancewell: ÷:�54`	E�;46
 �Ä� ö �546	D�;46
 � C ! . In our GaussianandPoisson
examplesof Figure9, the Chernoff distancesare OharO Ñ � !@Ó and OharO � Õhø@Ô , respectively. The corresponding
ò -divergencesare Oha � !@Ó and OharO Õ � ø@! , andhalf theresistoraveragevaluesare O$arO Ñ � !hÓ (exactequality)and
OharO � Õhø@Ò . Thus,whenwewantto contrasttwo responsepatterns,ratherthancomputingthecorrectdistance
measure,theChernoff distance,we computethemuchsimplerquantity, theresistoraverage,instead.

Onenoteonthese“distances:”Noneof theKullback-Leibler, Chernoff, andresistor-average“distances”
can be distancesin the mathematicalsense.To qualify, a proposeddistance

� ��ù��'» � must be symmetric
(
� ��ù��'» �ú9 � �V»��'ù � ), be stricly positive unlessthe two argumentsto the distanceare equal(

� ��ù��'» � ê O
for ù X9 » , � ��ù��'ù ��9ûO ), andobey the triangle inequality (

� ��ù��'» � ç � �Vù$��ü ��f � �Vü��'» � ). The Kullback-
Leibler distanceis not symmetric,andtheChernoff andresistor-averagedistancesdon’t satisfythetriangle
inequality. This mathematicalissuedoesnot affect their utility in judginghow differenttwo responsesare
in a meaningfulway: All of thesemeasurescanberelatedto theperformanceof optimalsignalprocessing
systems(seethediscussionfollowing equation5 andtheappendix).
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5 Statistical properties

5.1 Estimation of distancemeasures

Themostdirectapproachto estimatingdistancemeasuresis to usetypesin theirdefinitions.

3 � Ø � * �-� � 7
Ø � / �-� ���:9

3 � Ø � * �-� � 7
Ø � / �-� �E�ö � Ø � * �-� � �

Ø � / �-� ���:9
ö � Ø � * �-� � �

Ø � / �;� �E�
Here, the Kullback-LeiblerdistancesarecomputedassumingsomeMarkov orderasdescribedby equa-
tion (9).

However, this directapproachdoeshave problems.Whenthe type for the referencedistribution hasa
zero-valuedprobabilityestimatefor someletteratwhichtheothertypeis nonzero,weobtainaninfinite an-
swer, whichmaynotbeaccurate(thetruereferencedistributionhasanonzeroprobabilityfor theoffending
letter). To alleviate this problem,the so-calledK-T estimate[20] is employed.Eachtype is modifiedby
addingonehalf to thehistogramestimatebefore it is normalizedto yield a type.Thus,for the ý ¼È½ letter, the
K-T estimateatbin » is

Ø\þgÿ
]:á ��Ê�× �:9

�EÙcÚ�Ü>Ý Þ�à6Ê × occursin ¿ U 	 , ¾ � a'a'a �'U Å , ¾ Â �gf
	


Ã f Î 

Now, no letter will be assigneda zeroestimateof its probability of occurrenceand the estimateremains
asymptoticallyunbiasedwith increasingnumberof observations. When appliedto joint types,we add� C ! to eachbin andnormalizeaccordingto the total numberof lettersin the joint type. For first-order
Markovian dependenceanalysis,we needthejoint typedefinedover two successivebins,andweapplythe
K-T procedureaccordingto

Ø þgÿ
] á { * , ] á �5Êu× * �EÊ�× / ��9

�EÙ times �5Ê�× * �;Êu× / � occursin ¿ ��Uc	 , ¾ # 	D�'Uc	 , ¾ � � a'a�a �Ð��URÅ , ¾ # 	��'URÅ , ¾ � Â � f
	


Ã f Î /

This estimationprocedureis not arbitrary: It is basedon theoreticalconsiderationsof whata priori distri-
bution for theprobabilitiesestimatedby a typeswaystheestimatetheleast.

5.2 Bootstrap removalof bias

All distancemeasurespresentedherehave thepropertythatthey canonly attainnon-negativevalues.Any
quantityhaving this propertycannotbe estimatedwithout bias. For example,if the true distributionsare
identical,distancemeasuresarezero,but typescalculatedfrom two datasetsdrawn from the samedistri-
bution areunlikely to themselvesbe equaland the resultingdistanceestimatewill be positively biased.
While the estimatesare asymptoticallyunbiased,experienceshows that the bias is significanteven for
large datasets,andcan lead to analysisdifficulties. Analytic expressionsfor the bias of a relatedquan-
tity entropy areknown [6], andthey indicatethatbiasexpressionswill dependontheunderlyingdistri-
bution in complicatedways.

Fortunately, recentwork in statisticsprovidesa way of estimatingthe biasandremoving it from any
estimatorwithout requiringadditionaldata. The essenceof this procedure,known asthe bootstrap, is to
employcomputationasasubstitutefor alargerdataset.Thebootstrapprocedureisoneof severalresampling
techniquesthatattemptto provide auxiliary information variance,bias,andconfidenceintervals about
a statisticalestimate.Anothermethodin this family is theso-calledjackknifemethod,andit hasbeenused
for removal of biasin entropycalculations[10]. Thebookby Efron andTibshirani[9] providesexcellent
descriptionsof thebootstrapprocedureandits theoreticalproperties.

In a generalsetting,let � 9À¿ Uc	V� a'a�a �'URÅ¶Â denotea datasetfrom which we estimatethe quantity
���;� � . Our quantitiesof interestherearetheKullback-Leiblerandresistor-averagedistancemeasures.We
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createa sequenceof bootstrapdatasets� �� 9 ¿ U �	 , � � a�a'a ��U
�Å , � Â , � 9

� � a'a'a ��Ã Á . Eachbootstrapdataset
hasthe samenumberof elementsasthe original, and is createdby selectingelementsfrom the original
randomlyandwith replacement.Thus,elementsin theoriginal datasetmayor maynot appearin a given
bootstrapdataset,andeachcanappearmore than once. For example,supposewe hada datasethaving
four dataelements¿ Uc	V��Uc
V��U��E�'U��8Â ; a possiblebootstrapdatasetmight be � � 9ë¿ Uc
V��U��V��Uc	E�'Uc	�Â . The
parameterestimatedfrom the I ¼z½ bootstrapdatasetis denotedby � �É 9 ���;� �É � . Fromthe Ã Á bootstrap
datasets,we estimatethe quantityof interest,obtainingthe collectionof estimates¿ � �	 � a'a�a �'� �Å�â Â . The
suggestednumberof bootstrapdatasetsandestimatesis a few hundred[9].

Thebootstrapestimatescannotbeusedimprove theprecisionof theoriginal estimate,but they canpro-
vide estimatesof �u�-� � ’sauxiliarystatistics,suchasvariance,bias,andconfidenceintervals.Thebootstrap
estimateof biasis foundby averagingthebootstrapestimates,andsubtractingfrom thisaveragetheoriginal
estimate:��Ü	�@à 9 	Å â É � �É J �u�-� � . Thebootstrap-debiasedestimateis, therefore,!h�u�-� � J 	Å â É � �É .
Calculationof bootstrap-debiaseddistancescan result in negative distanceswhen the actualdistanceis
small.

Confidenceintervals of level 
 can be estimatedfrom the bootstrapestimatesby sorting them, and
determiningwhich valuescorrespondto the 
 C ! and

� J�
 C ! quantiles. Let ¿ � �& 	 1 � a�a'a ���
�
& Å�â 1 Â de-

note the sorted(from smallestto largest)estimates.A raw confidenceinterval estimatecorrespondsto
�.� �&
� ÅÆâ #�� Å�â��;
�� 1 �'�

�
&
� � ÅÆâ��E
�� 1 � . Thus,for the90%confidenceinterval, 
 9 Oha ø , andtheraw confidencein-

terval correspondsto the Ó ¼z½ and ø@Ó ¼È½ percentiles.Becausewe wantconfidenceintervalson thebootstrap-
debiasedestimateratherthantheoriginal,wereversetheintervalandcenterit aroundthedebiasedestimate:
� !h�u�-� � J�� �&
� � ÅÆâ��;
�� 1 �'!h�u�-� � J��

�
&
� ÅÆâ #�� Å�â��;
�� 1 � .

5.3 Dependenceon binwidth

Ideally, thecalculationof distancemeasuresbetweentwo responseswould not dependon thebinwidth ï
usedin the digitization process.However, discharge probability at any specifictime variesasbinwidth
varies. Sincedistancesmeasurehow different two probability distributions are, we expect that distance
calculationscoulddependon binwidth. To analyzethis situation,let’sassumea singleneuronpopulation,
with theprobabilityof aneventequalingsomeratetimesthebinwidth: ���Ð�.UR¾ 9 � � 9�� ï and ���Ð�.UR¾ 9QO � 9� J � ï . The Kullback-Leiblerdistancebetweentwo suchrandomvariables(having rates � 	 and � 
 ) is
givenby

3 � � 
87 � 	 ��9�� 
�ï <>=@? �g
 ï� 	�ï f � � J � 
�ï �+<>=@?
� J �`
 ï� J � 	Vï a

The first term is clearly proportionalto binwidth; if we assumethat the discharge probability is small
( � ï�� �

), thenthetotalexpressionis proportionalto thebinwidth.

3 � � 
h7 � 	 �N� � 
 <�=@? � 
� 	 f�� 	:J � 
 ï

All theotherdistancesarealsoproportionalto binwidthwhen � ï�� �
. Oncethebinwidth is chosensmall

enough,wehave foundthetemporalresolutionnecessaryto maximallydistinguishthetwo responses.Dis-
tancecalculationscanalsobedeliberatelymadewith largerbinwidthsto assesstherole temporalresolution
hason distinguishing two responses.

Whenwe accumulatethe distanceacrossbins that spana given time interval having duration � , as
suggestedin property3 andequation(9), thenumberof bins equals� C ï . If thedischargeratesaresuch
that discharge probabilitiesaresmall, the accumulationover a given time interval cancelsthe binwidth
dependence,which leavesthe accumulateddistanceindependentof the binwidth. Let’s be moreconcrete
about this point. Assumingfor the momentthat the dataare statistically independentfrom bin to bin
(Markov order ä 9¸O ), the computationof the Kullback-Leiblerdistancebetweentwo responsesequals
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Figure 4: Single-neuronresponsesweresimulatedbasedon a Poissondischarge model. The first responsehada
constantrate,andthe secondresponsewasa staircase;theseconstitutean examplechosento illustrate type-based
analysis.Thesetwo responsesequaledeachotherduring the initial andfinal ten bins. The discharge probabilities
controlledtheoccurrenceof ±ìµ ³�¹'¹ simulatedresponses.TheresultingPSThistogramsareshown, with theactual
dischargeprobabilityshown by dashedlinesandthedottedvertical linesindicatingwhenratechangesoccurred.The
right columndisplaysthevariousinformation-theoreticdistancemeasurescalculatedfrom theseresponses.The top
panelshows the accumulatedKullback-Leiblerdistancesestimatedwith the K-T modificationusingeachresponse
as the reference(dashedlines), alongwith the resistor-averageof thesetwo shown (solid line). All of thesewere
debiasedusingthebootstrap.In themiddlepanel,theresistor-average(scaledby two) before(dot-dashed)andafter
(solid) applyingthebootstrapis comparedwith the theoreticalChernoff distance(dashed).Thebottompanelagain
showsthedebiasedresistor-average(againscaledby two) alongwith the90%confidencelimits (dotted)estimatedvia
thebootstrap.In all cases,two hundredbootstrapsampleswereused.

thesumof thedistancesbetweentheresponsesoccurringwithin a bin. This distancewill beproportional
to binwidth if thebinsaresmallenough.However, whenwe addthemup to form the total inter-response
distance,thevaluewegetwill not dependon thebinwidth. For this reason,wepreferplotting accumulated
distance(asexpressedin equations(2) and(9) in theindependentandMarkov casesrespectively) acrossthe
response.

5.4 Example

Figure4 illustratesa simpleapplicationof thisprocedurefor simulated(Poisson)single-neurondischarges.
Thetwowaysof computingtheKullback-Leiblerdistancefrom thesimulatedresponsesdiffersubstantially.
We find that this differenceis statisticallysignificant,andoccursfrequentlyin simulationsandin actual
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recordings.Becausewe have no clearreferencestimulusin this example,we usetheChernoff distanceor
its resistor-averageapproximationto comparetwo responses.Theresistoraveragedepictedin thetop right
panelconsistsof a seriesof straightlines,which correspondto time segmentsof constantratedifferences
betweentheresponses.Thegreaterslopescorrespondto greaterratedifferences.Notethatwhentherates
areequal,thedistancesdo not change,indicatingno responsedifference.Themiddleplot shows that the
bias in the initial estimateof the resistoraverageis quite large. We have found the bootstrapbiascom-
pensationproceduredescribedin section5.2 to benecessaryfor obtainingaccuratedistanceestimates.To
employbootstrapin thecyclostationarycase,weconsiderourdatasetto consistof theresponsesto individ-
ual stimuluspresentationsfor a givenparametersetting: ¿ ��	V��� � � a�a'a ����ÅÇ��� � Â , andourbootstrapdatasets
containÃ responsesselectedrandomlyfrom thisoriginal. Weindependentlyperformthebootstraponeach
responseresultingfrom eachstimuluscondition,computetypesfrom eachbootstrapsample,andcalculate
thedistancebetweenthesesamples.As illustratedin figure4, thebootstrapsubstantiallyremovestheinher-
entpositive bias. We alsoseethathalf the resistor-averagedistancequite closelyapproximatestheactual
Chernoff distancebetweentheresponses.Examiningthebottomright panelof figure4 showsthattheactual
Chernoff distancewould lie well within the 90%confidenceinterval. Hence,we usethecomputationally
simplerresistor-averagedistancemeasure.Notehow theconfidenceinterval widensaswe progressacross
theresponse.Thiseffect occursnaturallybecauseweareaddingmoreandmorestatisticalquantitiesaswe
accumulatethetotaldistance.Theseintervalswouldbesubstantiallysmallerif we consideredaccumulated
distancesover portionsof theresponse.

To interpretthisdistancecalculation,wereferto modernclassificationtheoryreviewedin theappendix.
BecauseChernoff distanceis relatedthroughequation(A3) to the classificationerror rate,it revealshow
easilythetwo responsescanbedistinguished:thebiggerthedistance,thesmallertheprobabilityof anerror
in distinguishingthetwo. Notethatthis errorprobability is known only up to a constant:We cannotcom-
puteit precisely. Asymptoticerrorprobabilitychangeswith time roughlyaccordingto !$#$%'&���1 , where

� �! � is
theaccumulateddistance,beit theKullback-Leibleror Chernoff distance,and is post-stimulustime. Thus,
eachunit (onebit) increasein distancecorrespondsto afactorof twosmallererrorprobability. Theaccumu-
lation of distancewith time is not anarbitrarychoice.This procedurecorrespondsto theKullback-Leibler
distance’sproperty3,whichstatesthatthedistancebetweenthejoint probabilitydistributionscharacterizing
a responseover agivennumberof binsequalsthesumof thecomponentdistances.

As thetwo responsesareidenticalover thefirst tenbins,no distanceis accumulated.As theratesdiffer
more in eachtwenty-binsection,we seethat the distanceaccumulatedin eachsectionincreases.In this
example,theaccumulated(approximate)Chernoff distanceincreasesfrom thebeginningto theendof each
sectionare0.1, 0.3, 0.55,and0.95bits. Thesequantitieswerecalculatedby subtractingthe accumulated
distanceatsectionbeginningfrom its valueat theend.Finally, theresponseshave identicalratesduringthe
last tenbins, andwe seedistancedoesnot increasefurther. Whenwe analyzeresponses,we concentrate
on thoseportionsof theresponsethatcontributemostto accumulateddistancesincethey provide themost
effective coding(in termsof classificationerrors). In our simpleexample,theresponseduringbins70–90
contributesmostbecausethe ratedifferenceis greaterthere. As we considermorecomplicatedexamples
of coding,it becomesincreasinglyimportantthat we canusetype-basedanalysisto determineimportant
sectionsof theresponsewithoutassumingthenatureof thecode.

To relatethesedistancecalculationsto estimationerror, let’s assumethat thestaircaseresponsecorre-
spondsto increasingsomestimulusparameterby equalamounts.Thesmallestincrementyieldeda differ-
enceof 0.1 bits over a 20-bin interval. Using the perturbationalresultsof equation(5), we find that the
FisherinformationequalsOha �#"%$ <>F ! C ����� � 
 9ZOha Ó@ÓhÓ C ����� � 
 . This calculationmeansthatthis parameteris
encodedby a ratecodein sucha way that the mean-squaredestimationerror incurredin determiningthe
parameterfrom this responsemustbe at least ����� � 
 C Oha ÓhÓ@Ó 9 � a $ ����� � 
 , wherewe needto know how the
amountof perturbationto producea numericvalue. If Ì statisticallyindependentneuronsrepresentedthe
stimulusthesameway, themean-squarederrorwoulddecreaseinverselywith Ì .
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Figure 5: Theupperpanelsshow thePSThistogramsof a simulatedlateralsuperiorolive neuron’s responseto two
choicesof stimuluslevel (binwidth equals0.5 ms). Thesimulationsmodeledtheneuron’sbiophysics[33]. Thebot-
tom panelsshow theresistor-averagedistancebetweenthesetwo responses;thecomputationswereperformedunder
several conditions. Thefirst of theseshows the resistor-averagedistance(dividedby two) betweentheseresponses
computedfor ²Tµ¡¹'&V³'&)( bins(correspondingto 0, 1, and2 msof temporaldependence,respectively). Thedotted
lines straddlingthe ²èµ*( curve portraythe 90% confidenceinterval. The curve superimposeduponthe PSThis-
togramsis the ²"µ+( curve. Finally, thebottomplot displaystheresistor-averagedistance(dividedby two) between
theresponsesfor two choicesof binwidth,but with thedependenceparameter² chosensothattheassumedtemporal
dependencefor eachspansthesametime interval. The90%confidenceinterval for the ° µº¹',.- msis displayedwith
dottedlines.

Figure5 portrayshow choiceof analysisordercanaffect distancecalculations.Recall thatexploring
nonzeroanalysisordersamountsto seekingresponsedifferencesnot conveyedby thePSThistogram.Dur-
ing thefirst few milliseconds,no significantresponsedifferencesareevident. After about5 ms,significant
differencesoccur, with thevariouschoicesof analysisordersyieldingaboutthesameresult.Thesedistances
thendepartat about7 ms,with the ä 9 Ò curve beingsignificantlylarger. This resultindicatessignificant
temporaldependencein theresponsesasit differsgreatlyfrom the ä 9QO curve,whichalwayscorresponds
to assumingthedataarestatisticallyindependentfrom bin to bin. The valueof dependenceparameterä
is oneof the few assumptionsour information-theoreticapproachmustmake. Ideally, all valuesthat can
be computedbasedon theamountof availabledata(equation8) shouldbe explored. As ä increases,the
distancecalculationswill eventuallynot change,and the bestvaluefor the dependenceparameteris the
smallestof these.In theexampleportrayedin figure5, theresistor-averagedistancekeptincreasing,leaving
usnochoicebut to usethelargestpossiblevalue.Whattheactualdistancemightbe,evenwhetherit is larger
or smallerthanthe ä 9 Ò result,cannotbe determinedwithout moredata. Using the ä 9 Ò result,the
distancebetweentheresponsesincreasesmostsharplyduringthesecondportionof thetransientresponse.

If onesacrificestemporalresolutionby usinglargerbins,thedistancecomputationcanspanlongertime
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intervals.Thebottompanelof figure5 showstwo distancecalculationsthatspanthesameamountof tem-
poraldependence,oneusingtwice thebinwidthof theotherandhalf thedependenceorder. Therestrictions
placedon thedependenceparameterby (8) apply to theMarkov order, not to theamountof time spanned
by a discharge pattern’s dependencestructure. Thus,we could analyzethe datawith the samemaximal
dependenceorderallowed by the bound,but over longerdependencetime intervals by manipulatingthe
binwidth. It shouldbe re-emphasizedthat the restrictionsof (8) apply to anydataanalysistechniqueand
theideaof choosingdifferentbinwidthsappliesto othermethodsaswell.

This way of displayingdistance accumulatedas post-stimulustime increases also illustratesour
generalfinding that the distancemeasuressmooththe responsevariationsfound in PSThistograms.Al-
thoughthe displayedresponsescamefrom simulations,actualrecordingsalsodemonstraterapid rateos-
cillations found during the first 10 ms. Oneof our analysistechnique’s mostpowerful featuresis that it
canassessresponsedifferenceswithout regard to whetherresponseratesand/orinterspikedependencies
aretime varyingor not. Notethatduring the latterportionof the responsethedistancemeasuresincrease
roughly linearly. This effect usuallyindicatesa differencein sustainedrates,which canbediscernedfrom
thePSThistograms.Furthermore,abouthalf the total distanceaccumulatedover 25 ms(4.65bits) is gar-
neredin thefirst 10 ms. We concludethattheinitial transientof theresponseallowsequaldiscriminability
in thefirst 10 ms(actually7 msasthereis abouta 3 mslatency) asdoestheresponseobtainedduringthe
last13 ms. Thus,theinitial portionof theresponseconveys asmuchasthestimulusdoesduringthelatter
portionin lesstime.

Binwidth effectsarealsodemonstratedin figure5. Fromtheexampleshownthere,weconcludethatthe
largerbinwidth of 0.5mswouldsufficeasjoint typescomputedover thesametime spanbut with different
binwidths yield nearly the sameresults. The time epochsover which the distancecalculationsdisagree
mostoccursduring thehigh-probability-of-dischargesegmentsof both responses,a resultconsistentwith
theanalysisof section5.3.

6 Applications

We have shown how information-theoreticdistancescanassesshow two responsesdiffer in a meaningful
way: Using them, we can infer the performancelimits of informationprocessingsystems.We canalso
probeinterdependenciesin populationresponses.We describethis andotherapplicationof our approach
for understandingtheneuralcode.

6.1 Assessingneural codes

Thesimplestapplicationof distanceanalysisis assessingwhich partof theresponsechangessignificantly
as with stimuluschanges.Perhapsthe most powerful aspectof type-basedanalysisis that it makesno
a priori assumptionaboutthe natureof neuralencoding. It andother techniquesthat makeno a priori
assumptionsaboutthe neuralcodearelimited to Markov dependenceordersthat (8) allows. Calculating
responsedistancequantifieshow well thecodeexpressesstimuluschangesregardlessof its form, whether
it be a timing code,a ratecode,or somecombinationof these. “Significant change”hastwo meanings
here. Thefirst is whetherthedistancemeasureis significantlydifferentfrom zeroduringsomeportionof
the response.Inferring this statisticalsignificanceis the role for confidenceintervals,which we compute
usingthebootstrap.The secondtypeof significanceis which portionof the responsecontributesmostto
accumulateddistance.We judgethis by computinghow muchdistancechangesover a giventime interval.
Oneconsequenceof makingthis kind of calculationis thatwe candirectlyevaluateoneresponsecompo-
nent’s importancerelative to another’s. For well-definedportionsof the response,like the initial transient
andlatersustainedresponsethattypifiesauditoryneuronresponsesto tonebursts,we candirectlycompare
how differentportionsare.Furthermore,thecumulativedistancerevealshow long it takesto yield acertain
level of discrimination.We canthenbegin to answerquestionssuchashow long it takesto determinefrom
thepopulation’sresponsea justnoticeablestimuluschange.
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Figure 6: We simulateda three-neuronensemblerespondingto two stimulusconditions. The left portion of the
displayshows PSThistogramsof eachneuron.As far ascanbe discernedfrom thesehistograms,the first stimulus
yieldeda constant-rateresponsein eachsimulatedneuron.Thesecondstimulusproduceddifferentresponsesin each
neuron:Thefirst hadanoscillatoryresponselasting20 bins,theseconda transientrateincreasefor 10 bins,andthe
third a ratechange.Thedashedvertical linesin thePSThistogramsindicatetheboundariesof thesevariousresponse
portions.During thefirst stimulus,anduntil thelasttenbinsof thesecondstimulus,theneuronsproduceddischarges
statisticallyindependentof theothers.In the last tenbins, thefirst andthird neurons’dischargesbecamecorrelated
(coefficient = 0.6). Throughoutall responses,the responseswereproducedby a first-orderMarkov modelhaving a
correlationcoefficient of /�¹',.0 . Theright panelshows theresultof computingthe resistor-averagedistancebetween
the two responses.The solid line shows half the resistor-averagedistance,with its 90% confidenceinterval shown
with a dottedline. Dashedverticallinescorrespondto stimulus2 responsecomponents.

An exampleof this analysisfor thesingleneuroncaseis displayedin figure5. Figure6 illustratesap-
plying this approachto a simplepopulationof threeneurons.Both a stimulus-inducedrateresponseanda
transneuralcorrelationcanbedetected,andtherelativecontributionof eachresponsecomponentto sensory
discriminationquantified.Clearly, theinitial portionof theresponseproducedthegreatestdistancechange.
During thenext tenbins,whenthelatterportionof neuron#1’soscillatoryresponseandtherateresponses
of the othertwo arepresent,about0.5 bits of distanceweregained. This increasemeansthat the proba-
bility of not beingableto discriminatebetweenthetwo stimulusconditionsdecreasedby a factorof about
! Í21 3 9 � a Ò . A muchlargerchange(1.4bits)occurredduringthefirst tenbins.Consequently, thefirst portion
of theresponsecontributesmuchmoreto stimulusdiscriminationthanthesecond.Thethird portionof the
responsecontainsonly constantdischarge rates. The distanceaccumulatedduring this time (bins 20–29)
roughlyequalsthedistanceaccumulatedduringtheprevioustenbins,whenneuron#1’sresponsecontained
an oscillatorycomponent.This equalityof accumulateddistancemeansthat the oscillatoryresponseand
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Figure 7: The resistoraverage(dividedby two) betweenthe type computedfrom responseandthe type computed
derivedfrom it thatforcesaspatiallyindependentensembleresponsestructureis shownfor thetwostimulusconditions
usedin figure 6. The dashedline shows the result for the first response(histogramsshown in the left columnof
figure6), thesolid line for thesecond(centercolumn). As wassimulated,theresponsesto stimulus1 demonstrated
no transneuralcorrelation.Thesecondstimulusdid inducea correlationin thelatterportionof theresponse,andthe
distanceclearly indicatesthe presenceof suchcorrelation.The 90% confidenceinterval for the secondresponseis
indicatedby thedottedlines.Notethattheconfidenceinterval’sloweredgewaslessthanzerofor thefirst 30 bins.

theconstant-rateresponseareequallyeffective in representingthestimulusdifference.Interestingly, thein-
troductionof spatialcorrelation(foundin thelasttenbins)increasedonly slightly theaccumulateddistance
beyondwhattherateresponseby itself wouldhave.

6.2 Uncoveringneural codes

The calculationof distancesbetweenresponsesquantifiesneuralcodingwithout revealingwhat the code
is. Distancecalculationscanoffer someinsightsaswell into whataspectsof theresponsecontributeto the
code.For example,we candeterminethepresenceof correlationin anensemble’s response,beit stimulus-
or connectivity-induced. In the former case,spike trains can be correlatedmerely becauseneuronsare
respondingto the samestimulus. In the latter, the neuronsreceive commoninputsor areinterconnected.
We computethetypeof themeasuredensembleresponseandderive from it thetypethatwouldhave been
producedby the ensembleif it hadstatisticallyindependentmembers(spatialdependence)and/orhadno
temporaldependence.Referringto figure3 for anexample,theprobabilityof eachneurondischarging in
eachbin canbe calculatedfrom the joint probability of variousresponsepatternsoccurringin a bin. For
example, 46587 dischargein neuron#19;:<4=5'7?>A@B:DCE9GF�4=5E7H>A@B:DIJ9GF*46587?>A@K:MLJ9NFD46587?>A@O:DPJ9 because
the leadingbit of the binary representationsof thesesymbols,which correspondsto neuron#1, equalsQ
: CM: QSRTRTU

, IM: QSRSQTU
, etc. From thesecomponentprobabilities,we estimatethe probability of all

possibleensembleresponsepatternsby multiplying accordingto theensembleresponsetheprobabilitiesof
eachneurondischargingor not ( 46527?> @ :DVJ9G:D4=5'7 nodischargein neuron#19XW846587 dischargein neuron#29YW465'7 dischargein neuron#39 becauseVZ: RSQSQTU

). By calculatingthe distancebetweenthesetwo types,we
caninfer whencorrelatedresponsesarepresent;figure7 illustratesanexample.
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The presenceof interneuroncorrelationin the fourth responsesegmentshown in figure 6 is not dis-
cernablewhencomparedto thedistanceaccumulatedin the third segment,whenonly ratedifferencesare
present.Onemight infer from the analysisshown in figure 7 that the amountaccumulatedin the fourth
segmentshouldexceedthatof thethird by about

RT[ I bit. Thefact thatthis differencedoesnot occurwhen
analyzingthedatademonstratesasubtletyin usingdistancemeasures:Thedistancebetweenresponsesdoes
representhow easilyanoptimalclassifiercandistinguishthem,but thevariousfactorsthatcontributeto this
distancearenot necessarilyadditive. Justbecausecorrelationanalysisreveals

RT[ I bit of differencedoesnot
meanthatinterneuroncorrelationincreasesthedistancecontributedby average-ratedifferencesby thesame
amount.

In this analysis,we canusethe Kullback-Leiblerdistancedirectly. It equalsthe mutual information
betweenthe componentdischarge patternsof the population(property5). Zero mutual informationcor-
respondsto statisticallyindependentresponsesandit increasesasthedischargepatternsbecomemorein-
terdependent.Whenapplyingthis analysisto populationsof threeor moreneurons,we areextendingthe
definitionof mutualinformation(property5) to \ randomvariablesin a novel way.

]�^`_�a)b ['[c[ b2_Sd;e :+f ^�g�^ihje2klg�^`_�ame�g�^)_ U e WcW'W g�^`_Td;e
e
Here,

g�^ihne
denotesthe joint distribution of the \ randomvariables. We note that from an information

transferviewpoint,statisticallyindependentresponsesdo notalwayscorrespondto thebestsituation[13].

6.3 Uncovering feature extraction

As part of developing thesenew techniques,we re-examinedhow the signalprocessingfunction of any
systemshouldbeassessed.Consideranonlinear, adaptivesystem aneuralensemble thatacceptsinputs
andproducesoutputs(asshown in figure 1), aboutwhich we have only generalinsight into the system’s
function(for example,it processesacousticinformation).Assumethattheinputsdependon a collectionof
stimulusparametersrepresentedby thevectoro . Curiously, knowing thesystem’sinput-outputrelationmay
not behelpful in understandingits signalprocessingfunction: Nonlinearsystemsarejust too complicated.
Ourapproachexaminesresponsesensitivity to stimuluschangesandderivesfrom it theability of anoptimal
signalprocessingsystemto estimatethestimulusparameters.Thekey ideaunderlyingthisapproachis the
perturbationalresult of equation(5), which relatesdistancemeasurechangesto the Fisher information
matrix.

In our approach,we measureresponsesrecordedin responseto a referencestimulusparameterizedbyo�p anda family of responsesparameterizedby o�pqFsrJo , with rJo a perturbation.We computetypesfrom
ensembleresponsesto bothstimuli andquantifythe“distance”betweenthem.WeusetheKullback-Leibler
distancein this applicationsincewe have a naturalchoicefor a referenceresponse.Figure8 shows the
surfacesgeneratedby perturbingtwo stimulusparameters soundamplitudeand azimuthallocation of
the sound abouta referencestimulus. Interestingly, our responses,obtainedfrom accuratebiophysical
simulationsof binaurallysensitive lateralsuperiorolive (LSO) neurons[33], indicatethatduringdifferent
portionsof theresponse,thetwo stimulusfeaturesarecodedwith differingfidelity. We measurefidelity as
theability (standarddeviation of error)of anoptimalsystemto estimatethestimulusparametersfrom the
response.Early on, thetransientresponseencodesbothstimulusfeatureswell. Twentymillisecondslater,
thefidelity of angleencodingremainsaboutthesame,althoughtheform of theresponsehaschangedfrom
a transientto a gradualratechange.During thisperiod,theamplitudeencodinghasgreatlyworsened,with
thestandarddeviation increasingby over a factorof five. During theconstant-rateportionof the response
starting20 mslater, theamplitudeestimatehasworsenedmorewith theangleestimate’squality remaining
aboutthesame.

Whattheseresultsindicateis thatthisLSO neuronis processingits inputs(which greatlyresemblethe
primary neuraloutputsof the two ears)in sucha way that stimulusamplitudeandangleareencodedin
its response.In short,theneuron’sdischargepatternmultiplexesstimulusinformation.Thefidelity of this
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representationchangesrapidly with timeafterstimulusonset,with theazimuthbeingtheprimarystimulus
attribute encodedin the response.Thus, the informationcodingprovided by this neuron’s dischargesis
multidimensionaland time varying. The initial portion of the responsecould be usedalong with other
neuralresponsesin theauditorypathwayto estimatestimulusamplitude,but laterportionsarelessuseful.
Becauseazimuthis consistentlyrepresentedby theseneuraldischarges,we concludethe primary, but not
only, role for thelateralsuperiorolive, is soundlocalization.However, downstreamneuralstructurescould
usetheamplitudeinformationconveyedby theseresponses.Parallelneuralsystemspresentin theauditory
pathwayclearly representamplitudemoreeffectively; presumablythey have greaterimpacton amplitude
processing.

7 Conclusionsand discussion

The goal of information-theoreticdistanceanalysisis to computethe distancebetweenresponses.We
explored several ideason how thesedistancecalculationscanbe usedto measureandassessthe neural
code.In all of these,thebasicprocedureis asfollows.

1. Givensetsof individualor simultaneousrecordings,theanalysisof thepopulation’sresponsebegins
with thedigitizationprocessdescribedin section3. Theimportantconsequenceof this procedureis
thatsingleandmulti-unit recordingshavea commondatarepresentation.

2. Computethe joint typeof user-specifiedorder t , employingtheK-T modificationif theKullback-
Leiblerdistanceis needed.

u�vxw�y?z?z?z�y vxw|{T}~^!� p�� [c['[ � �2��e :
^
���'�	���E� >A�=: � p�� [c['[ �c>A�`� � : �'��e F aU� F�� ��� d � a

3. Computethe Kullback-Leiblerdistanceor resistor-averageapproximationto the Chernoff distance
usingthe Markov decompositionexpressedin equation(9). The conditionaldistribution neededin
this computationis foundfrom the joint typeby a formula thatmimics thedefinitionof conditional
probabilities.

u v w�� v w�{�� y?z?z?z�y �`� � ^�� p�� ��a � [c['[ �'�qe :
u v w y?z?z?z�y v w�{S}G^�� p � � a � ['[c[ � � � e
� u�v�wly vxw|{���y?z?z?z�y vxw�{S}G^�� � �Ya [c['[ � �2��e

4. Usethebootstrapdebiasingandconfidenceinterval procedureonthedistancethuscalculated.When
analyzingcyclostationaryresponses,we considerthe responsesto individual stimuluspresentations
as the fundamental“data quantum.” Our bootstrapsamplesaredrawn from this collection of

�
datasets.

5. Ourexamplesplot thecumulativedebiaseddistanceaseachtermis accumulated(usinganexpression
similar to thatof equation(9)).

We have presentedinformation-theoreticdistancemeasuresthatcanbeusedto quantifyneuralcoding,
anddescribedtechniquesthat exploit them. Thesedistancesdependon the probabilisticdescriptionsof
the neuraldischarges,aboutwhich we want to assumeaslittle aspossible.The theoryof typessuggests
thatempiricalestimatesof thesedistributionscanbe usedto accuratelycomputethesedistancemeasures,
with the solemodelingassumptionbeing the Markov dependenceparameter. Given sufficient data,this
parametercanalsobedeterminedsolelyby thedata’sstatisticalstructure.If this statisticalstructurespans
a long time interval, our techniqueand any other will not fully reveal the neuralcodeunlesstemporal
resolutionis compromisedor moredataareacquired.Theexampleswe have presentedhere,particularly
thefeatureextractionone,demonstratethatneuralinformationcodingcanbequitecomplex, beingbothtime
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Figure 8: We simulated[33] the responseof a single lateralsuperiorolive neuron[25,26] to high-frequency tone
burstspresentedat variousamplitudesandazimuthallocations.The top row (panelsa-c)shows thePSThistogram
of thesimulatedresponseat thereferencecondition(20 dB, �c��� ). Thelight areasin eachindicatethe40 msportion
of theresponsesubjectedto type-basedanalysis.Thenext row (panelsd-f) shows three-dimensionalsurfacesof the
correspondingvaluesof Kullback-Leiblerdistancebetweenthereferenceresponseandtheresponsesresultingfrom
varyingstimulusamplitudeandangle.Fromthesesurfaces,wefit atwo-dimensionalthird-orderpolynomial,andused
its parabolictermsto estimatetheelementsof theFisherinformationmatrix accordingto equation(5). The inverse
of this matrix provideslower boundson estimatesof angleandamplitudederived from the analyzedportionof the
response.Panelsg-i show sensitivity ellipsesthattraceonestandarddeviation thatanoptimalsystemwouldyield if it
estimatedamplitudeandanglesimultaneously. Thehorizontalandverticalextentsof theseellipsescorrespondto the
standarddeviationsof angleandamplitudeestimates,respectively, andthesedeterminedtherectanglesshown in each
panel.Panelg’srectangleis repeatedin theotherpanelsfor comparison.Thebottompanelshowshow thesestandard
deviationschangedduring the response.The circles indicatethe standarddeviation of the amplitudeestimate(left
verticalscale)andtheasterisksthestandarddeviation of theangleestimate(right scale).

varyingandexpressedby both dischargetiming andrate. Thus,any techniquefor assessinginformation-
codingfidelity mustmakeasfew assumptionsaspossible;the type-basedanalysisdescribedherefulfills
thatcriterion.

A secondpowerful aspectof our approachis its ability to copewith ensembleresponses.As shown in
figure3, theanalysistechniquecanconceptuallybeappliedto any sizedpopulation.Theinformationbound
(equation8) suggeststhat theamountof datarequiredfor a given level of analysisgrows exponentiallyin
thenumberof neuronsandin theMarkov parametert . In practicalterms,our techniquecanbeusedonly
for smallpopulations.However, sincetheboundappliesto any bin-basedtechnique,withoutadditionalas-
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sumptionsabouttheneuralcode,all suchtechniquesaresimilarly data-limited.Whetherasimilar limitation
appliesto othertechniques,suchasthosebasedon interspikeintervals,is notknown.

For judgingcodingquality, we prefertheChernoff distance.Becauseof its computationalcomplexity,
weusetheresistor-averagedistanceto approximateit. TheKullback-Leiblerdistance,despiteits theoretical
importance,is difficult to useempirically becauseit is asymmetricwith respectto the two component
responses.We usedit in thestimulusperturbationanalysisbecausea naturalreferenceresponseemerges,
andit is thesimplestcomputationallyto estimate.

Theprocedureswe have describedherecanassessneuralcoding,but they do not directly reveal what
the codeis. We showedoneapproachto assessingtransneuralcorrelationin figure 7. In general,coding
mechanismscanbeinferredfrom thecomponenttypes;preciselyhow we have not yet determined.Be that
as it may, the information-theoreticproceduresdevelopedhereoffer flexible but computationallyintense
analysistechniquesthatcanmeaningfullyquantifythenatureof neuralcodingwithin populations.
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Appendix: Classificationtheory

Classificationtheoryconcernshow observationscanbeoptimallyclassifiedinto predefinedcategories.Stat-
ing the problemformally in the paper’s context of neuralsignal analysis,a set of measuredresponses�2� a � [c['[ � �B�¡  is to beclassifiedasbelongingto oneof ¢ categories. Here,theparameter

�
represents

thenumberof stimuluspresentations,andeach
�B£

representsthepopulationresponseto eachpresentation.
Eachcategory is definedaccordingto aknown probabilisticdescription(which mayhave unknown param-
etersor othercontrolleduncertainties).The mostfrequentlystudiedvariantof the classificationproblem
is the binary classificationproblem: which of two categories ¤ a , ¤ U bestmatchthe observations. Given
theprobabilisticdescriptionsof thecategories,theoptimalrule for classifyingobservations,thelikelihood
ratio test,is well known [14]. Interestingly, whatis very difficult to calculateis how well this optimal rule
works.Developingapproximationsfor calculatingperformanceleadsto importantnotionsthatdirectly ap-
ply to theneuralresponseanalysisproblem. Classifierperformanceis usuallyexpressedin termsof error
probabilities.Terminologyfor theerrorprobabilitiesoriginatedin radarengineering,where ¤ a meantthat
no targetwaspresentand ¤ U thatonewas.The false-alarmprobability

u
fa :*465'7 say ¤ U ��¤ a 9 is theprob-

ability thattheclassificationrule announces¤ U whenthedataactuallywereproducedaccordingto ¤ a (the
classifierincorrectlydeclareda targetwaspresent),andthemissprobability is

u
miss :�465'7 say ¤ a ��¤ U 9 (the

classifierincorrectlyannouncedthatno targetwaspresentwhenonewas).Theaverageerror probability
u

e

is theaverageof theseindividualerrorprobabilities:
u

e :D¥ aEu fa F¦¥ U u miss, where¥ a , ¥ U arethea priori
probabilitiesthatdataconformto thecategories.Notethatin thetwo-categoryproblem¥ a : Q¨§ ¥ U .

Thelikelihoodratiotestresultswhenweseektheclassifierthatminimizeseithertheaverageprobability
of erroror the false-alarmprobability [15].6 Pickingwhich errorprobability to minimizewould seemnot
to matter(thesameclassifierresults)if it werenot for thefact thattheoptimizederrorprobabilitiesusually
differ, easilyby ordersof magnitudein many cases.Furthermore,in many situationstheoptimalclassifier’s
false-alarmprobabilitycandiffer significantlyfrom its missprobability. Becauseerrorprobabilitiesprovide
the portal throughwhich we develop information-theoreticanalysistechniques,appreciatingwhich error
probability bestsuitsa given experimentalparadigmleadsto betterinterpretationof measureddistances.
In neuroscienceapplications,we want to presenttwo differentstimulusconditionsand to quantify how
easilythesestimuli canbedistinguishedbasedon theresponsesof someneuralpopulation.Averageerror
probabilitysummarizeshow well an optimalclassifiercandistinguishdatathat could arisefrom eitherof
two stimulusconditions.False-alarm(or miss)probabilitybettersummarizesperformancewhenoneof our
stimuli canbeconsidereda reference,andwe want to know how well anoptimalclassifiercandistinguish
someneuralresponsefrom anominal.

No generalformulaefor any errorprobabilitiesareknown for any optimalclassifiersexceptin special
cases,suchastheclassicGaussianproblem.Wecananswerthequestion“How doesperformancechangeas
theamountof databecomeslarge?”Whentheobservationsarestatisticallyindependentandidenticallydis-
tributedunderbothcategories,

gª©T«)^ �¬� a � ['[c[ � �­�¦  e : £ gª©T«)^ �­£ e
, resultsgenericallyknown asStein’s

Lemma[7: ® 12.8,12.9]statethat error probabilitiesdecayexponentiallyin the amountof dataavailable,

6Notethatin optimizingfalse-alarmprobability(makingit assmallaspossible),we mustconstrainthemiss-probabilityto not
exceeda pre-specifiedvalue. If not, we canmakethe false-alarmprobability zeroby having our classifierannounce“class ¯�°
modelsthedata.” Thatwaywe areneverwrongwhenthecategory ¯ ° is true,but we’ll alwaysbewrongif category ¯ � is true(the
missprobabilitywill beone).Thelikelihood ratio testemergeswhenwe minimize ± fa subjectto ± miss ²B³ .
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with theso-calledexponentialratebeinganinformation-theoreticdistancemeasure.

´ �	��Zµ�¶ ´	·S¸ u
fa� : § f ^¹g © ° ^ � e2klg © � ^ � e
e for fixed

u
miss (A1a)

´ �	��Zµ�¶ ´	·T¸ u
miss� : § f ^¹gª© � ^ � e2klgª© ° ^ � e
e for fixed

u
fa (A1b)

´ �	��Zµ�¶ ´	·S¸ u
e� : §�º gª© � ^ � e � gª© ° ^ � e (A1c)

f ^ W k W e is known astheKullback-Leiblerdistancebetweentwo probabilitydistributions. It appliesto both
probabilitydensities

g
, » or probabilitymassfunctions

u
, ¼ .

f ^�gNk » e : g�^ > e ´	·T¸
g�^ > e
» ^ > e�½ > (A2)

º ^ W	�cW e is theChernoff distance, definedas

º ^!g �c» e : § ���	¾p2¿�ÀT¿ a ´	·T¸ 7 g�^ > e 9 a ��À 7?» ^ > e 9 À ½ > (A3)

Notethesedefinitionsapplyto bothunivariateandmultivariatedistributions. Whentheobservationsarenot
statisticallyindependent,all theseresultsapplyto themultivariatedistributionof theobservations[16]. For
example,

´ �	��Zµ�¶ ´	·T¸ u
fa� : § ´ �	��Zµ�¶ f ^�gª© ° ^ �2� a � [c['[ � �B�¡  e2klgª© � ^ �2� a � [c['[ � �B�¡  e`e� for fixed

u
miss

[
Stein’s Lemma(A1) is not stateddirectly in term of error probabilitiesbecauseof subtle,but impor-

tant, technicaldetails.Focusingon thefalse-alarmprobability, Stein’s Lemmafor thecaseof independent
observationscanbestatedmoredirectlyas

u
fa ÁÃÂ ^`��e � �

��Ä=ÅÇÆ'È � Å	É6Ê|Ë|Æ'È ° ÅÌÉ6Ê¹Ê for fixed
u

miss �
with

´ �Ì� �¡µ�¶ 7 ´	·S¸ Â ^`��e 9ÎÍ � : R
. Theterm Â ^ W e changesmoreslowly in comparisonto theexponential,

andit dependson theproblemat hand.What this formulameansis that if we plot any of theerrorproba-
bilities logarithmicallyagainst

�
linearly, we will alwaysobtaina straightline for largevaluesof

�
(see

figure 9). Stein’s Lemmasaysthat the false-alarmprobability’s slopeon semi-logarithmicaxes its ex-
ponentialrate equalsthenegative of theKullback-Leiblerdistancebetweentheprobabilitydistributions
definingour classificationproblem. Becauseof the presenceof the problem-dependentquantity Â ^ W e , we
cannotdeterminein generaltheverticalorigin for theerrorprobabilityor how large

�
mustbefor straight-

line behavior to takeover. Consequently, wecannotuseasymptoticformulasto computeerrorprobabilities,
but wedoknow thaterrorprobabilitiesultimatelydecayexponentiallyfor anyclassificationproblemsolved
with theoptimalclassifier, andwe know therateof this decay. We canalsosaythatif furtherobservations
increaseany of thesedistancesby oneunit (a bit), thecorrespondingerrorprobabilitydecreasesby a factor
of two. Furthermore,having exponentiallydecreasingerrorprobabilitiesdefinesasetof “good” classifiers.
Optimal classifiersproduceerror probabilitiesthat decayexponentiallywith the quantitymultiplying

�
equalto the Kullback-Leiblerdistanceor theChernoff distance.Suboptimalbut “good” oneswill have a
smallerslope,with pooronesnot yielding exponentiallydecayingerrorprobabilities.Theexponentialrate
cannotbesteeperthantheChernoff distancefor theclassifierthatoptimizesaverageerrorprobabilityand
Kullback-Leiblerdistancefor theNeyman-Pearsonclassifier. Thus,thesedistancesdefineanyclassification
problem’sdifficulty. Thegreaterthedistance,themorequickly errorprobabilitiesdecrease(theexponential
rateis larger)andthe“easier” theclassificationproblem.Whetherweusean optimalclassifieror not, the
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False-alarm Probability
Stein's Lemma
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Figure 9: Using the GaussianandPoissonclassificationproblemsasexamples,we plot the false-alarmprobability
(left panels)andaverageprobabilityof error (right panels)for eachasa functionof theamountof statisticallyinde-
pendentdatausedby the optimal classifier. The miss-probabilitycriterion wasthat it be lessthanor equalto �'Ï.Ð .
The a priori probabilitiesare Ð'ÑcÒ in the right-columnexamples.As shown here,the averageerrorprobability pro-
ducedby theminimum Ó e classifiertypically decaysmoreslowly thanthefalse-alarmprobabilityfor theclassifierthat
fixesthemissprobability. Thedashedlinesdepictthebehavior of theerrorprobabilitiesaspredictedby asymptotic
theory(A1). In eachcase,thesetheoreticallineshave beenshiftedvertically for easeof comparison.

Chernoff andKullback-Leiblerdistancesquantifytheultimateperformanceanyclassifiercanachieve,and
therefore measure intrinsic classificationproblemdifficulty. We thereforewant to estimatethesedistances
from measuredresponsesto quantifywhatresponsedifferencesmakedistinguishing themeasier.

NotethattheKullback-Leiblerdistance(equationA2) isasymmetricwith respectto thetwodistributions
defining the classificationproblem. The false-alarmprobability achieved undera fixed miss-probability
constraintandthemissprobabilityachievedundera fixedfalse-alarm-probabilityconstraintnot only have
differentvalues,they mayhavedifferentexponentialrates.TheChernoff distance(equationA3) is symmet-
ric with respectto thetwo probabilitydistributions,andshouldbeusedto assesstheclassificationproblem.
Whatpreventsusingit in applicationsis therequiredminimizationprocess.Technically, thisminimizationis
simple:Thefunctionto beminimizedis bowl-shaped,leaving it with auniqueminimum.Computationally,
findingthequantityto beminimizedcanbequitecomplicated.In typicalproblems,many morecalculations
areneededto find theChernoff distancethanrequiredto computetheKullback-Leiblerdistance.
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