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Abstract

We describeanapproacho analyzingsingle-andmulti-unit (ensemblejlischage patterndasecbn
information-theoret distancemeasureandon empiricaltheoriesderivedfrom work in universalsignal
processingln thisapproachwe quantifythedifferencebetweerresponsgatternspethey time-varying
or not, usinginformation-theoretiaistancaneasuresWe apply thesetechniquego singleandmultiple
unit processingof soundamplitudeand soundlocation. Theseexamplesillustrate that neuronscan
simultaneouslyepresenat leasttwo kinds of informationwith differentlevels of fidelity. Thefidelity
canpersistthrougha transientanda subsequensteady-stateesponseindicatingthatit is possiblefor
anevolving neuralcodeto represeninformationwith constanfidelity.
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1 Intr oduction

Neural coding hasbeenclassifiedinto two broadly definedtypes: rate codes—the averagerate of spike
dischage— andtiming codes—thetiming patternof dischages.Debategsageoverthe effectivenesof one
codeover anotherand over whetherthis catayorizationeven applies. Complicatingthe debateare recent
resultsthatsuggessingle-unitresponsesadequatelgxplaininformationcoding. For example theoretical
considerationsndicatethat single-neurordischage patternsin the mammalianauditory pathwayaretoo
randomto effectively represensound[19]. Coordinatedesponsesf neuronswithin sensoryand motor
nucleihave beenfound, with dischagetiming relationsamongneuraloutputshaving significancd1, 3,8,
22,24,27,29]. Consequentlymuchcurrentwork hasfocusedon populationactivity, usingthefundamental
assumptiorthatcoordinatedsequencesf action potentialoccurrencetimesproducedoy groupsof neurons
collectivelyrepresentthe stimulus-esponseelationship Thus,todaythe “neural code”is takento mean
how groupsof neuronsrespondingndividually andcollectively, represensensoryinformationwith their
dischage patterng5]. Knowing the codewould unlock the secretsof how neuronsworking in concert,
processandrepreseninformation.

In developingdataanalysistechniqueghat seekto elucidatethe neuralcode,somekind of averaging
is requiredbecausef the stochasticmatureof the neuralresponse.The simplesttechniquegequiresta-
tionary responsesThe probability law governingthe responsanustnot changewith time. Amongthese
are several interspikeinterval statistics[19], and auto-and cross-correlatiotechniqueqd2]. To quantify
time-varying responsesiesponsesre averagedover several stimuluspresentationshat are spacedsuffi-
ciently far apartin time to prevent adaptatiorand sequentiaktimuluseffects. Suchresponsesre saidto
be cyclostationary[12]: The probability law varieswith time but doesso periodically, the period equal-
ing the inter-stimulusinterval. The well-known PST histogrammeasuresiundera Poissonpoint process
assumptionhow the dischage rate changesafter eachstimuluspresentatiorjl9]. All of thesemeasures
spring from a point processview of neuraldischage patterns. Using point-process-baseameasuresand
elaborationsof them, we could in principle estimatethe point processmodelthat accuratelydescribesa
neurons responsdo eachstimulus. In our experience having sucha point procesamodeldoesnot reveal
whatstimulusfeaturesarebeingcodedandwhen,andhow effectivethe codeis in representinghestimulus.
For example,we developeda point processnodelfor thetone-hurstresponsesf singleunitslocatedin the
lateralsuperiorolive (LSO) [31, 32] andanunderlyingcomputationabiophysicalmodel[33]. While these
modelsprovide a notion of the responses structure they do not help us determinethe typical LSO unit’'s
informationprocessingole andwhatprocessindunctionthevarietyof LSOresponsdéypesmayengender
Whathasbeenleft outis quantifyingboththe responses significanceandits effectivenessn representing
sensonjinformation.

New techniquesare emeging thattakea broaderview. Onedevelopedby Victor andPurpura(1997)
measureshedistancebetweenwo responseby determiningthe numberof stepst takesto systematically
transformonedischage patterninto another Mutual informationcalculationg11, 23] measurdénow effec-
tively a spiketrain encodeghe stimulusunderPoissonassumptions.Neural network modelshave been
trainedonrecordedheuralresponseto determinenow well theseresponsesanbe usedto determinestim-
ulusparameter$21]. Thesemethodsyield responsenetricsthataredifficult to relateto how well systems
canextractinformationfrom single-or multiple-neurorresponsesiVheninputsto aneuralpopulationhave
beenmeasure@ndcharacterizedhow do we judge how well the populationextractssensoryinformation?
In fact, how wouldwe know if a populationdid extractinformationor simply senedasarelay, passinghe
informationalong(possiblyin a differentneuralcode)to its projections?We mustbe ableto quantifythe
neumal code Whataspeciof a neuralensembles collective outputrepresentinformationandwhatis the
fidelity of this representationThis paperdescribesa new information-theoretidechniquefor measuring
whenandto whatdegreeresponsesliffer in a way that canbe relatedto how optimal systemgerformin
decodingneuralresponses.
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Figure 1: A neuralsystemhasasinputsthe vectorquantity X that dependon a collection of stimulusparameters
denotedy thevectord. TheoutputR thusalsodepend®nthe stimulusparametersBoth inputandoutputimplicitly
dependontime. Notethatthe precisenatureof theinputis deliberatelyunclear It canrepresenthe stimulusitself or
apopulationscollective input.

Considethesimplesystenshonvnin Figurel. ConceptuallythissystemacceptsnputsX thatrepresent
a stimulusor a neural populationcorveying information (parameterizedby 8) and producesoutputsR.
that collectively codesomeor all of stimulusattributes. The boldfacedsymbolsrepresentvectors,and
areintendedto corvey the notionthat our system—a neuralensemble- hasmultiple inputsand multiple
outputs. Presumablyinput stimulusfeaturespresered in the output are thoseextractedby the system;
thosede-emphasizeih the outputarediscardedby the systemanddefineits featureextractionproperties.
To probethesystemandits representationf sensoryinformation,we experimentallymeasurehe systems
outputandits inputsaswe vary stimulusconditions.

Relatinginput andoutputfor eachconditionamountgo measuringheintensityof anunderlyingpoint
processanodel,which doesnot help quantify the effectivenessof neuralcoding. Instead whatwe look for
is how theinputsandthe outputschangeasthe stimulusundegoesa controlledchange No changemeans
no codingof the perturbedaspecbf the stimulus;the biggerthe changethe morethe systemaccentuates
that sensoryaspect.To quantify change we needa measurghat quantifiesits degree. In short,what we
seekis a distancemeasue: Giventwo setsof stimulusconditionsf, 85, we needto measureénow differ-
entthe correspondingesponse®R(61), R(62) are—how far apartthey are—with somedistancemetric
d(R(Ol), R(Og)). Assumingthat populationcodesare subtle,this metric needsto apply to ensembleae-
sponsesto dynamicaswell assteady-stateesponsedp changesn transneuratorrelationsandto changes
in temporalcorrelationstructure.

Anticipating our results,Figure 2 demonstrategjuantifying how two responsesliffer. The distance
computationdoesnot have ary a priori notion of the neuralcodeandis basedon the data,not the PST
histogram. What we want the distancemeasurdgo uncover is (1) what portion of the responsenostrep-
resentghe stimuluschange(2) whetherthe later constant-rateesponsaeveal moreor lessthanthe early
time-varying responseand (3) how well the stimuluschangeis representedyy the responsehange?By
plotting how distanceaccumulatesvith time sincestimuluspresentatiorywe cananswerthesequestionslf
thedistancaneasurglateaustheresponsedon't differ overthattime interval; if it increasesheresponses
differin their statisticalstructureandthe sharpetheincreasethemoretheresponsediffer duringthattime
sgmentthanin othersegments. First of all, we seethat the responsdeagins at abouta 3 ms latengy, but
thedistancemeasuresuggestshatthey don't differ significantlyuntil after5 ms. Betweerb and10ms,the
distanceaccumulatesbout2 bits, andfrom 10 to 25 ms, the distanceincreasedy another2 bits! Thus,
theresponsauringthe 5-10msintervalsrevealsmuchabouttheamplitudechangewhile the constantate
portionrevealsjust asmuchbut over atime interval threetimeslonger Fromthis example,we seethatthe
distancecalculationappliesto both time-varying and constantrate responsesThe distancemeasurement
appliesto single and multineuronresponsegqually aswell. What the distancemeasuredoesnot reveal
is the precisenatureof amplitudecodingby this neuron;it only assessethe codes quality andwhenthe
codingoccurs. However, just becausesomecomponenbf the neuralresponsanoreaccuratelyrepresents
somestimuluscomponenthat othersdoesnot meanthat destinatiorpopulationsmakemore effective use
of that responseeomponenthan others. As we shall see,resultsfrom informationtheory canbe usedto

'Our distancemeasurehas units of bits only becausave usebase-2logarithmsin its computationand doesnot imply an
informationrate.We describdn succeedingectionshow to interpretdistancevalues.
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Figure 2: ThePSThistogramshaovn in theuppertwo panelshav thedramaticallytime-varyingnatureof asimulated
auditory neurons to brief tone pulsesthat had differentamplitudes. Shovn separatelyin the bottom panelis the
distancebetweerthesecyclostationaryresponsesDistancebetweerresponseaccumulatesvith post-stimulugime,
meaningthatthe distancea post-stimulugime ¢ is the distancebetweernresponseneasuredip to time ¢. Detailed
analysigresultsareshown in Figure5 for the samesimulations.

determinghe limits to which systemsanextractinformationno matterwhatresponseomponent(sjhey
may use.

2 Information-theoretic distancemeasuies

While the meritsof onedistancemeasureversusanothercanbe debated4], we describeherea collection
of information-theoretidistanceghat have a clear intuitive mathematicafoundation. The underlying
theoryis not rootedin the classicresultsof Shannonput in modernclassificationtheory the key results
from which are detailedin the appendix. In this theory we try to assigna responseo one of a set of
pre-assignedesponsecatajories. For example, discerningwhetherthe stimulusis on or off is a two-
catayory classificationproblem. The easeof classificationdependson how differentthe catejoriesare; it
is throughthis aspecbf the classificatiornproblemthat distancemeasuresrise. We usethis classification
theoreticapproactbecauseecentresultsfrom universalsignalprocessing provide distancemeasuresnd
classificatiortechniqueghatassumdittle aboutthe datayetyield (in a certainsensepptimalclassification
results. In additionto information-theoretiaistancemeasurefaving a strongmathematicafoundation,
directempiricalresultshave beenderived. For example,we candeterminehow complex a dataanalysiswe
canperformgivenacertainamountof data.

Errorprobabilitiesin optimalclassifierglecreasexponentiallywith thedistancebetweerthecategories.
UsingPr[errof to denotea genericclassificatiorerrorprobability, Prlerrof ~ 2-4(C1:C2) whered(C}, Cs)
denotesaninformation-theoreticlistancebetweenwo catgories. Thedistancemeasuraf particularinter-
esthereis the Kullback-Leiblerdistancedefinedto be

p1(R)
p2(R)

D(pilp2) = / p(R)log 28 R (1)

2Thetheorysurroundinghow to processnformationuniversallywithout muchregardto the underlyingdistribution of thedata.
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wherep1, po areprobabilitydistributionsthatcharacterizéhetwo categoriesandR. symbolicallyrepresents
aneuralresponseheit from oneor seseralneuronsFollowing the corventionof informationtheory we use
thebase-twdogarithm,whichmeanghatdistancéhasunitsof bits. In the Gaussiartasecateyoriesdefined
to have differentmeansout the samevariance)the KuIIback-LeibIerdistanceequaIsd’Q/(2 In 2) bits, with
d = |m; — ms|/o. The quantityd’ is frequentlyusedin psychophysicdo asses$iow easily stimuli
canbedistinguished Whenappliedto non-Gaussiaproblems the Kullback-Leiblerdistancerepresents
generalizatiomf d’ to all binaryclassificatiorproblems:Thelargerthis distancetheeasiettheclassification
problem.It measuretow differenttwo probabilitydistributionsare,andit hasseveralimportantproperties.

1. D(p1llp2) > 0 andD(p||p) = 0.
The Kullback-Leiblerdistanceis alwaysnon-ne@ative, with zerodistanceoccurringonly whenthe
probability distributionsarethe same.

2. D(p1]lp2) = oo whenever, for someR domain,ps(R) = 0 andp; (R) # 0. If p1(R) = 0, thevalue
of p1(R) log g;% is definedto be zero.

3. Whentheunderlyingstochastiquantitiesarerandomvectorshaving statisticallyindependentompo-
nentswith respecto bothp; andp,, the Kullback-Leiblerdistanceequalsthe sumof the component
distancesStatedmathematicallyif p; (R) = [ [, p1(R;) andpz(R) = [ [, p2(R;),

D(p1(R)|[p2(R ZDPI i) lp2(R:)) - (2)

Furthermore,if p;,p» describe Markovian data® the Kullback-Leibler distancehas a similar
summationproperty Taking the first-order Markovian caseas an example, whereinp; (R) =
p1(R1) [ [; p1(Ris1|R;) andps(-) hasa similar structure,

D(p1(R)|[p2(R)) = D(p1(R1)|p2(R1)) + > D(pr(Rita| Ri)|Ipa(Rita| Ri)) - 3)

i
where

p1(Riy1|R;)

D(p1(Riv1|Ri)|lp2(Riy1|Ri)) = /pl(Rz', R;y1)log
p2(Riy1|R;)

dR; dR; 41 (4)

4. D(p1llp2) # D(pzlp1)-
The Kullback-Leiblerdistanceis usually not a symmetricquantity In somespecialcases,t can
be symmetric(like the just describedGaussiarexample),but symmetrycannot,andshouldnot, be
expected.

5. D(p(x1, z2)||lp(z1)p(x2)) = I(w1; x2).
The Kullback-Leiblerdistancebetweena joint probability densityandthe productof the maginal
distributionsequalswhatis known in informationtheoryasthe mutualinformationbetweertheran-
domvariablesz, x2. Fromthe propertiesof the Kullback-Leiblerdistance we seethatthe mutual
informationequalszeroonly whenthe randomvariablesarestatisticallyindependent.

The word “distance” shouldappearin quotesbecauseD(-||-) violatessomeof the fundamentaprop-
ertiesa distancemetric musthave: A distancemustbe symmetricin its aguments. As explainedin the
appendix,classificationerror probabilitiesneednot have the sameexponentialdecayrate andthis results

3A sequencef randomvariablesis D*™-order Markov if the conditionalprobability of any elementof the sequencaiven
valuesfor the previousonesdepend®nly onthe D mostprevious: p(R;|Ri—1, Ri—2,...) = p(Ri|Ri—1, Ri—2,... ,Ri—p).
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in the Kullback-Leiblerdistances asymmetry This asymmetrnypropertydoesnot hindertheoreticaldevel-
opmentsut doesaffect measuringhe distancebetweerrecordecheuralresponsesConsequentlywe later
proposea symmetricdistancemeasurdirectly relatedto the Kullback-Leiblerdistance.The Gaussiarex-
amplealsoindicateghatthe Kullback-Leiblerdistancehastheform of asquaed-distanceThesedistances
areproportionalto Zi(mgi) — mg) )2, which correspondso the squae of the Euclideardistance Thus,we
have asecondreasorto putdistancen quotes.

In additionto quantifyingthe exponentialdecayrate of the error probabilitiesin optimal classifiers,
information-theoretiadistancegleterminethe easeof estimatingparametersepresentetty the data. Con-
sider the situationwheretwo cateyoriesdiffer slightly accordingto the valuesof a scalarparametem:
symbolically p1(R) = ps(R) andp2(R) = pg+se(R). Intuitively, if we caneasilydistinguishbetween
two suchcateyories(small error probabilities) we shouldalsobe ableto estimatehe parameteaccurately
(smallerestimationerror). For sufficiently smallvaluesof the differencedf, the Kullback-Leiblerdistance
is proportionalto the reciprocalof the smallestmean-squaredstimationerror that canbe achieved. The
mathematicatesultsare

Diposaollpe) = 57 F(0)(56)° ©)

- (P50 iaman

with £[-] denotingexpectedvalue. Thesignificanceof theseformulasrestsin the Cramér-Raobound which
statesthat the mean-squaredrror for any unbiasedestimatoré of § cannotbe smallerthan1/F(0) [15:
£6.2.4].

Here, F(6) denoteghe Fisherinformation

F(0)=¢& [(91115;(}3))2

~ 1
€ [ 90 2} > 6
Whentwo or more parameter&hange Fisherinformation becomesa matrix, and the distanceformulas
becomewhatareknown asquadraticforms.

]‘ /
D(po+s6llre) ~ m‘w F(0)d6 (7)
with F(0) = £ [(VeInpe(R)) (Ve Inpe(R))']. Here,(-)’ meanstransposeand Vg In pg(R) meansthe
gradientof thelog probabilitydensityfunction: Vg In pg(R) = col[32-Inpa(R), ... , % Inpe(R)]. The

CrarerrRaoboundstill holds,but in amorecomplicatedorm.
E[(6—0)(6—0)]>F '(0)

This resultmeansthat the mean-squaredstimationerror for ary one parametemustbe greaterthanthe
correspondingliagonalentryin the inverseof the Fisherinformationmatrix: £[(8; — 6;)%] > (F1),,(0).
Thusfor ary givenstimulusparameteperturbationd®, the larger the Kullback-Leiblerdistancebecomes
(the further apartthe distributionsbecome) the larger the Fisherinformation (equation5), and the least
possiblemean-squaredrrorin estimatingthe parametebecomegroportionallysmaller In short,larger
distancesneansmallerestimationerrors. This relationshipnot only reinforcesthe notionthatour distance
measureslo indeedmeasuréhow distincttwo classificationcateyoriesare,but alsoallows usto determine
how well parametrianformationcanbe gleanedrom data.Information-theoretidistancemeasureassess
thelimits of informationprocessing.

“ThetermIn 2 arisesbecausehe definition of Kullback-Leiblerdistance(1) useslog, andthe definition of Fisherinformation
usesnaturallogarithms.
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Figure 3: Panel(a) portrayshow we estimatethe Kullback-Leiblerdistancebetweensingle neuronresponseso
differentstimuli. The responsdo eachstimulusrepetitionis time alignedasin PST histogramcomputationanda
tableis formedfrom the spikeoccurrencdimes (denotedby an* x”) quantizedo the binwidth A. For eachbin, a
“1” indicatesthata spikeoccurredin abin anda“0” indicatesthata spikedid notoccut We accumulateéhetypefor
eachbin, forming a histogramof spikeoccurrencesandnonoccurrenceseparatelyor eachbin from the M stimulus
presentationffour areshavnin thefigure). A similarsetof typesis computedrom theresponse asecondstimulus.
Whenwe assumehe Markov order D to be zero,we computethe Kullback-Leiblerdistancebetweercorresponding
binsandsumtheresults.Panel(b) generalizeshe computation®f panel(a) to the multi-neuroncase.In thedepicted
ensembleof three neurons,the spike patternat ary bin could be one of eight (23 = 8) possiblepatterns. Each
possiblepatternis representethy anintegerbetweer0 and7 in thetableto thelower right. Typesareformedfrom
thesegquantitiesanddistancesreagaincomputedseparatelypetweercorrespondinginsandsummedvhenD = 0.
Panel(c) illustrateshow first-orderdistanceanalysisis computed.For eachneurons (or ensembles) responseshe
responseatternfor two binsatatime is representetdy anintegerbetweerD and3 in the bottomtable. Notethatthe
first bin is specialasnobin precededt. Thisedgeeffectcorrespondso thefirsttermin equation(3). We computethe
zerothorderdistancefor it andthefirst-orderdistancegor the others thensumtheresultto form thetotal distance.

3 Digital representationof neural responses

To developa measuref the populations responsewe first corvert the populations dischage patterninto
a convenientrepresentatioffior computationaknalysis(figure 3b). Here, a neuralpopulations response
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duringthe b*" bin is summarizedy a singlenumberR,, thatequalsa binary codingfor which neuronsijf
ary, dischagedduring the bin. This proceduregeneralizeshe approachakenfor the singleneuroncase,
whereinthe occurrenceof a spikein a bin wasrepresentedhy a zeroor a one. Note thatthis digitization
procesdor a neuralensemblds reversible (up to the temporalprecisionof the binwidth): The sequence
R = {Ry,...,Ry, ..., Rp} completelycharacterizeshe populationresponseandthe entire dischage
patterncanberecreatedrom it. In developingtechniquesto analyzeneural coding,we needonly consider
the statistical structure of this sequence When we presenta stimulus periodically M times, we form
the dataset{R.1, ..., R} from the componentresponses.Here, the responseo the m' stimulusis
R,, = {Rm1,...,Rm B} Becausaverepeathesamestimulusandtaketheusualprecautiongo mitigate
adaptationtheresultingresponsés cyclostationary[12] (eachR.,,, obeys the sameprobabilitylaw) and,in
addition,they arestatisticallyindependentf eachothet

In information theoryterminology a discrete-aluedrandomvariable,suchasthe responsén a bin,
takeson valuesthatarelettersr dravn from analphabetA. Whenwe have a N-neuronpopulationanda
sufficiently smallbinwidth, R, takeson valuesfrom thealphabet{ry, ... ,rx_1} = {0,...,2¥ — 1}, For
thethree-neurompopulationexemplifiedin Figure3, thecollection{0, 1, 2, 3,4, 5, 6, 7} formsthealphabet.
Theletterr = 3 = 0115 meansthata dischage occurredin both neurons#2 and#3 andnot in neuron
#1 during a particularbin. We could form a populationPSThistogram of the populations responseat a
particularbin to estimatethe probability that Pr[R, = r]. Information theoriststerm suchhistograms
estimateof probabilitiestypeg7: Chap.12].

- ti occursin {R1p,..., R
PRy =rg] = (#times 7 M{ 1,by , Rap})

By accumulatinghis multineuronPSThistogramin this way, we obtainthedistribution of neuraldischage
occurrenceacrossthe entire populationwithin eachbin. This histogramgeneralizeghe PST histogram
usedto analyzesingle-neurorresponse$19]. In the single-neurorcase,the alphabetconsistsof {0, 1},
andonly the probability of oneletter needbe calculated.The PST histogramconsistsof atype at eachbin
thatestimategshe probability of a dischage (theletter1) occurring. The only otherremainingvalueof the
type— Pg, (R = 0) —is foundby subtractingPr, (R, = 1) from one.

Justasin theusualPSThistogramthis multiunit PSThistogramdoesnot faithfully representemporal
dependencthatmaybepresenin theensembleesponsgl7]. Themultiunit PSThistogramessentiallyas-
sumegesponsesccurindependentlyrom bin to bin—whatamountdo a Poissorassumptior-becaus@o
recordis keptof whatprecededh particularpopulationdischagepatternin eachbin whenthetypeis calcu-
lated. This assumptioris moreseriousherethanin thesingle-unitcase:While departure$rom Poissorbe-
havior maynotbesignificantin thesingle-unitcase adischagein oneneuronmaywell affectanothersdis-
chageoccurringseveralbinslater. We wantouranalysigechniqueso besensitveto this possibility, andgo
beyondthe PSThistogramin providing insightinto the neuralcode.In themostgenerakase we shouldes-
timatethejoint probabilityof populationresponsacrossall bins:Pr[Ry = ry,, Ry = 1y, ... , Rp = ).
Becauseve have 2% possiblelettersin eachbin and B bins, we needto estimate2’V? probabilities.Most
of thesewill be zero—certaindischage patternswill not occur—but knowing this doesnot alleviate the
overwhelmingdemandachiezing anaccuraterobability estimateplaceson datacollection.

To approximatethe temporaldependencstructureof the populationresponsewe assumehatit has
a Markovian structure:The probability of a particularpopulationresponsén a bin dependsonly on what
responsesccurredn theprevious D bins. Thisassumptioomeanghatwe approximatehejoint probability
of theneuralresponsdoy

B
PR)=P(Ry,...,Rp) [[ P(RulRo-1,-..,Rsp).
b=D+1



Johnsoretal. Analysisof NeuralCoding

The demandsplacedon datacollectionare greatly reducedwhenwe employthis approximation.Recent
resultsn informationtheory[30] prescribehow muchdataareneededy anybin-basedechniqudo analyze
datato a givendegreeof dependence:

log(L + 1)
~log(2N +1) "’

whereL is theamountof averagingusedin analyzingthedataand N thenumberof neurons For nonstation-
ary responsed equalsthe numberof stimulusrepetitionsi while for stationary(constantate)responses
it equalsthe numberof bins in the measuredesponse.This result makesthe point that the amountof
dataneededyrows exponentiallyin the dependencerderandin the numberof neuronsin the ensemble:
L > 2PN Ccomputationakxperimentsindicatethat this boundis not particularly tight, and we do not
analyzedatato ashigh anorderasthe boundpermits.

As shownin figure3c,temporaldependencis easilyincorporatednto type-basedlistancecalculations.
For eachbin, a joint type estimateghe joint probability thata given ensemblaesponsegatternoccursin
it andthe precedingD bins. Extendingour example,ratherthanjust countingthe numberof times R,
assumesariousvalueswe needto know thejoint distributionof (Ry_1, R;) to asseséirst-orderMarkovian
dependenceBecausehe PST histogramis equivalentto zeroth-ordemnalysis,employingjoint typesin
measuringresponsalifferencescan reveal responsehangesmot revealedby the PST histogram,be it a
single-or multi-unit histogram. Temporaldependencén dischage probabilitiescanarisein a variety of
ways:amongthemaredependencendischagehistory[18, 31,32], non-exponentiainterval distributions’,
andsyn-fireresponseatternsn ensemble§l, 22]. The Markov dependenc® correspond$o atemporal
analysiswindow DA slong. Theboundon D determineghe longestinterval over which interneurorand
intraneurorrespons@ependenciesanbeincludedin theanalysis For agivenamountof datatheonly way
to extendthe analysisnterval is to usealargerbinwidth, which meanghattemporalprecisionis reduced.

4 Calculating distancebetweenresponses

(8)

Let R(#1) and R(60-) representhe response®f a neuralpopulationto two stimulusconditionsparam-
eterizedby 61, 8,. What we wantto measurds the distancebetweenthe joint probability distributions
correspondindo theseresponseslsing the Kullback-Leiblerdistanceasan example,we would wantto
find D(Py, (R)|| Ps,(R)). To managethis statisticalcompleity, we mustassumehat the responseén a
given bin dependgin the statisticaland practicalsense)only on the responseshat occurin the immedi-
atelyprecedingD bins. Oncethis analysisdependencerder is chosenthedistancecalculationgeneralizes
equation(3).

D(P01(R)||P02 (R)) = D(P01 (Rla <. 7RD)||P02 (Rlv SR 7RD))
)

B
+ Y D(Po,(Ry|Ry-1,..., R p)|Poy(Ro|Ro1,- .., Ryp))
b=D+1

The"Z" relationmeanghatthis relationis only true accordingto assumptionandthe datas actualdepen-
dencestructuremaydiffer. If D equalsor exceedgshememorypresentn theresponseghis equatiorholds:
Picking D too large doesnot hurt. The problemariseswhen D is chosentoo small; in this casethe two

sidesof equation(9) arenot equal. Mathematicalnalysissuggestshat Kullback-Leiblerdistancesalcu-
latedusinga smallerthan-requirediependencerdercouldbesmalleror largerthanthe actualvalue. Thus,
to measureaccuratelythe distancebetweentwo responsegjistancesnustbe computedusingincreasingly
largervaluesof D until the calculatedvaluesstabilize(don't changewith increasingD) or the upperlimit

SThis situationis particularlysubtle.Evenwhentheresponseanbewell modeledasarenaval procesginterspikeintenalsare
statisticallyindependentrom eachother),the probability of a dischagein a bin dependn how long agothe previousdischage
occurred.
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of (8) isreachedWe decidewhenthedistancaeaches constantalueby employingstatisticatests;in the
following sectionswe describethe statisticalpropertiesof distancesandhow to estimatetheir confidence
intervals. On the otherhand,if we have insufficient datato reacha stabilizingvalueof D, we cannotsay
whetherthe computedvalueis alower or anupperbound.Becausdemporaldependenc dischage pat-
ternsusually spanssometime interval, we needto choosea larger binwidth (at the sacrificeof temporal
resolution)to spanthis interval with the samenumberof bins to obtainaccuratedistancemeasurements.
We addresghe binwidth selectionproblemin section5.3.

As succeedingxampleswill shaw, the Kullback-Leiblerdistances asymmetryproperty—D(p||q) #
D(q||p) —is indeedreal, with the distancebetweentwo responseslependingon the orderthe responses
appeain theformula. In someapplicationsareferencestimulusconditionoccursnaturally andwe wantto
measurdnow responsediffer from areferencetheKullback-Leiblerdistancecanbeusedin suchsituations
(the secondargumentdenoteghe referencealistribution). Otherwise the asymmetrybecomesa nuisance
andwe needa symmetricdistancemeasurelike the Chernof distancedefinedin theappendix.Calculating
the Chernof distancecan be so dauntingthat we needto consideralternatve symmetricdistances.One
possibilityis known asthe J-divergence which equalsthe averageof the two Kullback-Leiblerdistances
thatcanbedefinedfor two probability distributions

T(p1,p2) = D(p1]/p2) ;D(pﬂpl) (10)
This distances notaspowerful asthe Kullback-Leibleror the Chernof distancesn thatit only boundsthe
averageerrorprobability of anoptimal classifier

log Pe

Jim > ~J(p1,p2)
Calculationsshow that this boundcanbe quite generougnot very tight). Thoughit may be easyto find
(it' s the sum of easily calculatedKullback-Leiblerdistances)put we canonly approximatelyrelateit to
classificatiorerrorrates:The J-divergenceis overly optimistic.
A moreaccurateapproximatioris theso-calledresistoraveiageof thetwo Kullback-Leiblerdistances.

D(p1llp2) D(p2llp1)
D(p1lp2) + D(p2lp1)
Theorigin of thename'resistoraverage”arisedbecausa simplerewriting of thisdefinitionyieldsaformula
thatresembleshe parallelresistorformula.

1 1 1

Roup2)  Dprlps) | Dpalip)

This quantityis not arbitrary Ratherit is derivedin a way analogougo the Chernof distanceand half
of it approximateghe Chernof distancewell: C(p1,p2) =~ R(p1,p2)/2. In our Gaussiarand Poisson
examplesof Figure 9, the Chernof distancesare 0.03125 and0.01796, respectiely. The corresponding
J-divergencesare0.125 and0.07192, andhalf theresistoraveragevaluesare(0.03125 (exactequality)and
0.01794. Thus,whenwe wantto contrastwo responsgatternsyatherthancomputingthe correctdistance
measurethe Chernof distancewe computethe muchsimplerquantity, theresistoraverage jnstead.

Onenoteonthese'distances:"Noneof theKullback-Leiblef Chernof, andresistoraveragée‘'distances”
can be distancedn the mathematicakense. To qualify, a proposeddistanced(a, b)) mustbe symmetric
(d(a,b) = d(b,a)), be stricly positive unlessthe two argumentsto the distanceare equal(d(a,b) > 0
for a # b, d(a,a) = 0), andobey the triangle inequality (d(a, b) < d(a,c) + d(e,b)). The Kullback-
Leibler distancds not symmetricandthe Chernof andresistoraveragedistanceslon’t satisfythetriangle
inequality This mathematicaissuedoesnot affect their utility in judging how differenttwo responsesare
in ameaningfulway: All of thesemeasureganberelatedto the performancef optimalsignalprocessing
systemgseethediscussiorfollowing equations andthe appendix).

R(p1,p2) = (11)
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5 Statistical properties
5.1 Estimation of distancemeasures

Themostdirectapproactto estimatingdistancemeasuress to usetypesin their definitions.

D(Po,(R)| P, (R)) = D(P, (R)|| P, (R))
R(Pg, (R), Pg,(R)) = R(Ps,(R), Ps,(R))

Here, the Kullback-Leiblerdistancesare computedassumingsomeMarkov orderas describedby equa-
tion (9).

However, this directapproacidoeshave problems.Whenthe type for the referencealistribution hasa
zero-\aluedprobabilityestimatefor someletterat whichthe othertypeis nonzerowe obtainaninfinite an-
swet which maynotbeaccuratgthetruereferencalistribution hasanonzeroprobabilityfor the offending
letter). To alleviate this problem,the so-calledK-T estimatg]20] is employed. Eachtype is modified by
addingonehalf to the histogramestimatebefor it is normalizedo yield atype. Thus,for the k*® letter, the
K-T estimateatbin b is

(#times rj, occursin {Ry, ..., Rarp}) + 3
M+ X

PEY(ry) =

Now, no letterwill be assignheda zero estimateof its probability of occurrenceand the estimateremains
asymptoticallyunbiasedwith increasingnumberof obsenations. When appliedto joint types,we add
1/2 to eachbin and normalizeaccordingto the total numberof lettersin the joint type. For first-order
Markovian dependencanalysiswe needthe joint type definedover two successie bins,andwe applythe
K-T procedureaccordingto

(# times(ry, , rx,) occursin {(R1 -1, R1p), - - -, (Rarp-1, Rarp)}) + &
K2
M+ 52

HKT
PRb_l,Rb (Tkl ’ Tkz) =

This estimationprocedurds not arbitrary: It is basedon theoreticalconsiderationsf whata priori distri-
bution for the probabilitiesestimatedy a type swaysthe estimatethe least.

5.2 Bootstrap removalof bias

All distancemeasurepresentedierehave the propertythatthey canonly attainnon-neyative values.Any
guantity having this propertycannotbe estimatedwithout bias. For example,if the true distributionsare
identical, distancemeasuresre zero, but typescalculatedfrom two datasetslravn from the samedistri-
bution are unlikely to themseles be equaland the resultingdistanceestimatewill be positively biased.
While the estimatesare asymptoticallyunbiasedexperienceshaws that the biasis significanteven for
large datasetsand canleadto analysisdifficulties. Analytic expressiondor the bias of a relatedquan-
tity —entropy—areknown [6], andthey indicatethatbiasexpressionsvill dependontheunderlyingdistri-
butionin complicatedvays.

Fortunately recentwork in statisticsprovidesa way of estimatingthe biasandremaorving it from any
estimatorwithout requiringadditionaldata. The essencef this procedureknown asthe bootstiap, is to
employcomputatiorasasubstitutdor alargerdatasetThebootstragprocedurds oneof severalresampling
techniqueghatattemptto provide auxiliary information—variance bias,andconfidencentervals— about
a statisticalestimate Anothermethodin this family is the so-calledackknife method,andit hasbeenused
for removal of biasin entropycalculationg10]. The bookby Efron andTibshirani[9] providesexcellent
descriptionof the bootstrapprocedureandits theoreticalproperties.

In a generalsetting,let R = {Ry,..., Ry} denotea datasefrom which we estimatethe quantity
6(R). Our quantitiesof interestherearethe Kullback-Leiblerandresistoraveragedistancemeasures\We
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createa sequencef bootstrapdataset®R; = {R’{,j, e ,R*M’j}, j =1,..., Mp. Eachbootstrapdataset
hasthe samenumberof elementsasthe original, andis createdby selectingelementsfrom the original
randomlyandwith replacementThus,elementdn the original datasetmay or may not appearin a given
bootstrapdatasetand eachcanappeamorethanonce. For example, supposeve had a datasethaving
four dataelements Ry, Ro, R3, R4}; apossiblebootstrapdatasemightbe R* = { Ry, R3, R1, R1}. The
parameteestimatedrom the m'" bootstrapdataseis denotedby 6%, = 0(R},). Fromthe Mp bootstrap
datasetsyve estimatethe quantity of interest,obtainingthe collection of estimates{6;, ..., 9}‘\/[3}. The
suggestediumberof bootstrapdatasetendestimatess a few hundred9].

Thebootstrapestimatesannotbe usedimprove the precisionof theoriginal estimatebut they canpro-
vide estimate®f (R )’s auxiliary statistics suchasvariance pias,andconfidencentervals. The bootstiap
estimateof biasis foundby averagingthebootstrapestimatesandsubtractingrom this averagetheoriginal
estimatebias = 57— >, 05, —0(R). Thebootstrap-debiasegstimates, therefore20(R) — 373, 01,
Calculationof bootstrap-debiasedistancescanresultin negative distanceswvhen the actual distanceis
small.

Confidenceintervals of level 5 canbe estimatedfrom the bootstrapestimatesby sortingthem, and
determiningwhich values correspondto the 5/2 and 1 — 3/2 quantiles. Let {02‘1), e ,G{MB)} de-
note the sorted(from smallestto largest) estimates. A raw confidenceinterval estimatecorrespondso
[QZ‘LMB_BMB/%), Q?WMBM)] . Thus,for the 90% confidencédnterval, 5 = 0.9, andthe raw confidencén-

terval correspondso the 5" and95*" percentiles Becausave wantconfidencentervals on the bootstrap-
debiasedstimateatherthantheoriginal, we reversetheinterval andcenterit aroundthedebiasedstimate:

26(R) = 0501, /27)0 20(R) = 0 01—t 2)))-

5.3 Dependenceon binwidth

Ideally, the calculationof distancemeasuredetweentwo responsesvould not dependon the binwidth A
usedin the digitization process. However, dischage probability at ary specifictime variesas binwidth
varies. Sincedistanceaneasurenow differenttwo probability distributions are, we expectthat distance
calculationscould dependon binwidth. To analyzethis situation,let’'s assumea singleneuronpopulation,
with theprobabilityof aneventequalingsomeratetimesthebinwidth: Pr[ R, = 1] = AA andPr[R, = 0] =
1 — MAA. The Kullback-Leiblerdistancebetweentwo suchrandomvariables(having rates\; and \s) is
givenby

1— A
1—MA

A2A
AA

D()\QH)\l) = AAlog + (1 — )\QA) log
The first term is clearly proportionalto binwidth; if we assumethat the dischage probability is small
(AA <« 1), thenthetotal expressioris proportionalto the binwidth.

A
DOl Ar) (Ag log 32 + X1 - )\2) A

All theotherdistancesrealsoproportionalto binwidthwhenAA < 1. Oncethebinwidthis chosersmall
enoughwe have foundthetemporalresolutionnecessaryo maximallydistinguishthe two responseis-
tancecalculationcanalsobedeliberatelymadewith larger binwidthsto assestherole temporalresolution
hason distinguishng two responses.

Whenwe accumulatethe distanceacrosshins that spana given time interval having durationT’, as
suggestedn property3 and equation(9), the numberof binsequalsT’/A. If the dischageratesaresuch
that dischage probabilitiesare small, the accumulationover a giventime interval cancelsthe binwidth
dependenceyhich leavesthe accumulatediistanceindependenbf the binwidth. Let’s be more concrete
aboutthis point. Assumingfor the momentthat the dataare statisticallyindependenfrom bin to bin
(Markov order D = 0), the computationof the Kullback-Leiblerdistancebetweentwo responsegquals
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Figure 4: Single-neurorresponsesvere simulatedbasedon a Poissondischage model. The first responseéhada

constantrate, andthe secondresponsevasa staircasetheseconstitutean examplechosento illustrate type-based
analysis. Thesetwo responsegqualedeachotherduring the initial andfinal ten bins. The dischage probabilities
controlledtheoccurrencef M = 200 simulatedresponsesTheresultingPSThistogramsreshowvn, with theactual

dischage probability shovn by dashedinesandthe dottedvertical linesindicatingwhenratechange®ccurred.The

right columndisplaysthe variousinformation-theoretidistancemeasuregalculatedrom theseresponsesThe top

panelshavs the accumulatedKullback-Leiblerdistancesstimatedwith the K-T modificationusingeachresponse
asthe reference(dashedines), along with the resistoraverageof thesetwo shown (solid line). All of thesewere

debiasedusingthe bootstrap.In the middle panel,the resistoraverage(scaledby two) before(dot-dashedandafter

(solid) applyingthe bootstrapis comparedwith the theoreticalChernof distance(dashed).The bottompanelagain

shavsthe debiasedesistoraveragegagainscaledoy two) alongwith the 90%confidencdimits (dotted)estimatedsia

thebootstrapIn all casestwo hundredbootstrapsamplesvereused.

the sumof the distancedetweernthe responsesccurringwithin a bin. This distancewill be proportional
to binwidth if the binsaresmallenough.However, whenwe addthemup to form thetotal inter-response
distancethevaluewe getwill notdependon the binwidth. For this reasonwe preferplotting accumulated
distancgasexpressedn equationg2) and(9) in theindependenandMarkov casesespectiely) acrosshe
response.

5.4 Example

Figure4 illustratesa simpleapplicationof this procedurdor simulatedPoissonkingle-neurordischages.
Thetwo waysof computingthe Kullback-Leiblerdistancgrom thesimulatedresponsediffer substantially
We find that this differenceis statisticallysignificant,and occursfrequentlyin simulationsandin actual
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recordings.Becauseave have no clearreferencestimulusin this example,we usethe Chernof distanceor
its resistoraverageapproximatiorto comparetwo responsesTl heresistoraveragedepictedn thetop right
panelconsistof a seriesof straightlines, which correspondo time segmentsof constantratedifferences
betweertheresponsesThe greaterslopescorrespondo greateratedifferences Note thatwhentherates
areequal,the distanceglo not change jndicatingno responsalifference. The middle plot shaws thatthe
biasin theinitial estimateof the resistoraverageis quite large. We have found the bootstrapbias com-
pensatiorproceduredescribedn section5.2to be necessaryor obtainingaccuratedistanceestimates.To
employbootstragn the cyclostationarycasewe considerur dataseto consistof theresponseto individ-
ual stimuluspresentationfor a givenparametesetting:{R(0), . .. , Rj;(0)}, andour bootstrapdatasets
containM responseselectedandomlyfrom this original. We independentlyperformthebootstrapneach
responseesultingfrom eachstimuluscondition,computetypesfrom eachbootstrapsample andcalculate
thedistancenetweerthesesamplesAsiillustratedin figure 4, the bootstrapsubstantiallyremovestheinher
entpositive bias. We alsoseethat half the resistoraveragedistancequite closelyapproximateghe actual
Chernof distancebetweertheresponses=xaminingthebottomright panelof figure4 shovsthattheactual
Chernof distancewould lie well within the 90% confidencdnterval. Hence,we usethe computationally
simplerresistoraveragedistancaneasure Note how the confidencdanterval widensaswe progressacross
theresponseThis effect occursnaturallybecauseve areaddingmoreandmorestatisticalquantitiesaswe
accumulatehetotal distance.Thesentervalswould be substantiallysmallerif we considereciccumulated
distance®ver portionsof theresponse.

To interpretthis distancecalculation we referto modernclassificatiortheoryreviewedin the appendix.
BecauseChernof distanceis relatedthroughequation(A3) to the classificationerrorrate, it revealshow
easilythetwo responsesanbedistinguishedthebiggerthedistancethe smallerthe probabilityof anerror
in distinguishngthetwo. Notethatthis error probability is known only up to a constant:WWe cannotcom-
puteit precisely Asymptoticerrorprobabilitychangesvith time roughlyaccordingto 2%, whered(t) is
theaccumulatedlistancebeit theKullback-Leibleror Chernof distanceandt is post-stimulugime. Thus,
eachunit (onebit) increasen distancecorrespondgo afactorof two smallererrorprobability. Theaccumu-
lation of distancewith time is not anarbitrarychoice. This procedurecorrespondso the Kullback-Leibler
distances property3, which stateghatthedistancebetweerthejoint probabilitydistributionscharacterizing
aresponsever agivennumberof bins equalsthe sumof the componentistances.

As thetwo responseareidenticaloverthefirst tenbins,no distances accumulatedAs theratesdiffer
morein eachtwenty-binsection,we seethat the distanceaccumulatedn eachsectionincreases.In this
example theaccumulatedapproximatelChernof distanceincrease$rom the bgginningto theendof each
sectionare0.1, 0.3, 0.55,and0.95 bits. Thesequantitieswere calculatedoy subtractingthe accumulated
distanceat sectionbgginningfrom its valueatthe end. Finally, theresponsebave identicalratesduringthe
lasttenbins, andwe seedistancedoesnot increasefurther. Whenwe analyzeresponsesye concentrate
on thoseportionsof the responsehatcontribute mostto accumulatediistancesincethey provide the most
effective coding(in termsof classificationerrors). In our simple example,theresponsealuring bins 70-90
contributesmostbecauseahe ratedifferenceis greaterthere. As we considemrmore complicatedexamples
of coding,it becomesncreasinglyimportantthat we canusetype-basednalysisto determineimportant
sectionsof theresponseavithoutassuminghe natureof the code.

To relatethesedistancecalculationgo estimationerror, let's assumehatthe staircaseesponseorre-
spondgo increasingsomestimulusparameteby equalamounts.The smallestincrementyieldeda differ-
enceof 0.1 bits over a 20-bin interval. Using the perturbationaresultsof equation(5), we find that the
Fisherinformationequalsd.1 x 81n2/(66)? = 0.555/(66)2. This calculationmeanghatthis parameteis
encodedy a ratecodein suchaway thatthe mean-squaredstimationerrorincurredin determiningthe
parametefrom this responsemustbe at least(§6)?/0.555 = 1.8(56)?, wherewe needto know how the
amountof perturbatiorto producea numericvalue. If N statisticallyindependenheurongepresentethe
stimulusthe sameway, the mean-squaredrrorwould decreasénverselywith V.
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Figure 5: The upperpanelsshav the PST histogramsf a simulatedlateralsuperiorolive neurons responseo two
choicesof stimuluslevel (binwidth equals0.5 ms). The simulationsmodeledthe neurons biophysicg[33]. The bot-
tom panelsshow theresistoraveragedistancebetweerthesetwo responseghe computationsvereperformedunder
several conditions. Thefirst of theseshows the resistoraveragedistance(divided by two) betweentheseresponses
computedor D = 0,2,4 bins(correspondingo 0O, 1, and2 msof temporaldependencagspectiely). The dotted
lines straddlingthe D = 4 curwe portraythe 90% confidencenterval. The curve superimposediponthe PST his-
togramsis the D = 4 curwe. Finally, the bottomplot displaysthe resistoraveragedistance(divided by two) between
theresponsefor two choicesof binwidth, but with the dependencparametet) chosersothattheassumedemporal
dependencéor eachspanghe sametime interval. The 90% confidencenterval for the A = 0.5 msis displayedwith
dottedlines.

Figure5 portrayshow choiceof analysisordercan affect distancecalculations.Recallthat exploring
nonzeroanalysisordersamountgo seekingresponsalifferencesiot corveyed by the PSThistogram.Dur-
ing the first few milliseconds no significantresponsalifferencesreevident. After about5 ms, significant
difference®ccut with thevariouschoicesof analysisordersyielding aboutthesameresult. Thesedistances
thendepartat about7 ms, with the D = 4 curve beingsignificantlylarger. Thisresultindicatessignificant
temporaldependenci theresponseasit differsgreatlyfrom the D = 0 curve,which alwayscorresponds
to assuminghe dataare statisticallyindependenfrom bin to bin. The value of dependencearameterD
is one of the few assumption®ur information-theoretiapproachmustmake. Ideally, all valuesthatcan
be computedbasedon the amountof availabledata(equation8) shouldbe explored. As D increasesthe
distancecalculationswill eventually not change,andthe bestvalue for the dependencgarameteiis the
smallesbof these.In theexampleportrayedn figure5, theresistoraveragedistancekeptincreasingleaving
usno choicebut to usethelargestpossiblevalue.Whattheactualdistancemightbe,evenwhetheiit is larger
or smallerthanthe D = 4 result,cannotbe determinedwithout moredata. Usingthe D = 4 result,the
distancebetweertheresponsemcreasesnostsharplyduringthe secondoortionof thetransientesponse.

If onesacrificesemporakesolutionby usinglargerbins,thedistancecomputatiorcanspanlongertime
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intervals. The bottompanelof figure 5 shavstwo distancecalculationghat spanthe sameamountof tem-
poraldependenceneusingtwice thebinwidth of theotherandhalf thedependencerder Therestrictions
placedon the dependencearameteby (8) apply to the Markov order not to the amountof time spanned
by a dischage patterns dependencstructure. Thus, we could analyzethe datawith the samemaximal
dependencerder allowed by the bound, but over longerdependencéime intervals by manipulatingthe
binwidth. It shouldbe re-emphasizethatthe restrictionsof (8) applyto any dataanalysistechniqueand
theideaof choosingdifferentbinwidthsappliesto othermethodsaswell.

This way of displayingdistance—accumulatechs post-stimulustime increases-also illustratesour
generalfinding that the distancemeasuresmooththe responservariationsfound in PST histograms.Al-
thoughthe displayedresponsesamefrom simulations,actualrecordingsalso demonstrateapid rate os-
cillations found during the first 10 ms. One of our analysistechniques most powerful featuresis thatit
can assessesponsadlifferenceawithout regardto whetherresponseatesand/orinterspikedependencies
aretime varying or not. Notethatduringthe latter portion of the responséhe distancemeasureincrease
roughlylinearly. This effect usuallyindicatesa differencen sustainedates,which canbediscernedrom
the PST histograms.Furthermoreabouthalf the total distanceaccumulatedaver 25 ms (4.65 bits) is gar
neredin thefirst 10 ms. We concludethattheinitial transientof theresponseallows equaldiscriminability
in the first 10 ms (actually 7 msasthereis abouta 3 mslateng) asdoesthe responsabtainedduringthe
last13 ms. Thus,theinitial portionof theresponseonveys asmuchasthe stimulusdoesduringthe latter
portionin lesstime.

Binwidth effectsarealsodemonstratedh figure 5. Fromtheexampleshavnthere we concludethatthe
largerbinwidth of 0.5 mswould suffice asjoint typescomputedover the sametime spanbut with different
binwidths yield nearly the sameresults. The time epochsover which the distancecalculationsdisagree
mostoccursduring the high-probability-of-dischamge segmentsof both responsesa resultconsistentwvith
theanalysisof section5.3.

6 Applications

We have shavn how information-theoretidistancesanasses$iow two responsesliffer in a meaningful
way: Using them, we caninfer the performancdimits of information processingsystems.We canalso
probeinterdependencieis populationresponsesWe describethis and otherapplicationof our approach
for understandinghe neuralcode.

6.1 Assessingeural codes

The simplestapplicationof distanceanalysisis assessingvhich part of theresponsehangesignificantly
aswith stimuluschanges. Perhapghe most powerful aspectof type-basedanalysisis that it makesno
a priori assumptioraboutthe natureof neuralencoding. It and othertechniqueghat makeno a priori
assumptiongboutthe neuralcodearelimited to Markov dependencerdersthat (8) allows. Calculating
responsalistanceguantifieshow well the codeexpressestimuluschangesegardlesof its form, whether
it be a timing code,a rate code,or somecombinationof these. “Significant change”’hastwo meanings
here. Thefirst is whetherthe distancemeasuras significantlydifferentfrom zeroduring someportion of
the response Inferring this statisticalsignificanceis the role for confidencentervals, which we compute
usingthe bootstrap.The seconaype of significanceis which portion of the responseontributesmostto
accumulatedlistance We judgethis by computinghow muchdistancechangesver a giventime interval.
Oneconsequencef makingthis kind of calculationis thatwe candirectly evaluateoneresponseompo-
nent's importancerelative to anothers. For well-definedportionsof the responselike theinitial transient
andlatersustainedespons¢hattypifiesauditoryneuronresponseso tonebursts,we candirectly compare
how differentportionsare. Furthermorethe cumulative distancerevealshow longit takesto yield a certain
level of discrimination.We canthenbegin to answermjuestionsuchashow longit takesto determingrom
the populationsresponsea just noticeablestimuluschange.
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Figure 6: We simulateda three-neurorensemblerespondingto two stimulusconditions. The left portion of the
displayshavs PST histogramsof eachneuron. As far ascanbe discernedrom thesehistogramsthe first stimulus
yieldeda constant-rateesponsén eachsimulatedneuron.The secondstimulusproducedifferentresponsem each
neuron:Thefirst hadan oscillatoryresponsdasting20 bins, the seconda transientrateincreaseor 10 bins,andthe
third aratechange Thedashedrerticallinesin the PSThistogramsndicatethe boundarie®f thesevariousresponse
portions.During thefirst stimulus,anduntil the lasttenbinsof the secondstimulus,the neurongroducedlischages
statisticallyindependenbf the others. In the lastten bins, the first andthird neurons’dischagesbecamecorrelated
(coeficient = 0.6). Throughoutall responseshe responsesvere producedby a first-orderMarkov modelhaving a
correlationcoeficient of —0.1. Theright panelshawvs the resultof computingthe resistoraveragedistancebetween
the two responsesThe solid line shows half the resistoraveragedistance with its 90% confidenceinterval shavn
with a dottedline. Dashedverticallinescorrespondo stimulus2 response&omponents.

An exampleof this analysisfor the single neuroncaseis displayedin figure 5. Figure6 illustratesap-
plying this approacto a simple populationof threeneurons.Both a stimulus-inducedateresponseanda
transneuratorrelationcanbedetectedandtherelative contribution of eachresponseomponento sensory
discriminationquantified.Clearly, theinitial portionof therespons@roducedhegreatestlistancechange.
During the next ten bins,whenthe latter portion of neuron#1’s oscillatoryresponseandthe rateresponses
of the othertwo are presentabout0.5 bits of distancewere gained. This increasaneansthat the proba-
bility of notbeingableto discriminatebetweerthe two stimulusconditionsdecreasetby a factorof about
205 = 1.4. A muchlargerchangg(1.4bits) occurredduringthefirst tenbins. Consequentlythefirst portion
of theresponseontributesmuchmoreto stimulusdiscriminationthanthe second.The third portion of the
responsecontainsonly constantdischage rates. The distanceaccumulatediuring this time (bins 20-29)
roughlyequalghedistanceaccumulatediuringtheprevioustenbins,whenneuror#l’'sresponseontained
an oscillatory component.This equality of accumulatediistancemeansthatthe oscillatoryresponsend
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Figure 7: Theresistoraverage(divided by two) betweenthe type computedfrom responseandthe type computed
derivedfrom it thatforcesaspatiallyindependenénsembleesponsstructures shovn for thetwo stimulusconditions
usedin figure 6. The dashedine shows the resultfor the first responsghistogramsshavn in the left column of
figure 6), the solid line for the secondcentercolumn). As wassimulated the responseso stimulus1l demonstrated
no transneuratorrelation. The secondstimulusdid inducea correlationin the latter portion of the responseandthe
distanceclearly indicatesthe presencef suchcorrelation. The 90% confidenceinterval for the secondresponses
indicatedby the dottedlines. Notethatthe confidencenterval’slower edgewaslessthanzerofor thefirst 30 bins.

theconstant-rateesponsareequallyeffective in representinghe stimulusdifference Interestingly thein-
troductionof spatialcorrelation(foundin thelasttenbins)increaseanly slightly theaccumulatedlistance
beyondwhattherateresponséy itself would have.

6.2 Uncovering neural codes

The calculationof distancesetweenresponsesjuantifiesneuralcoding without revealingwhat the code
is. Distancecalculationscanoffer someinsightsaswell into whataspect®of the responseontributeto the
code.For example,we candeterminghe presencef correlationin anensembles responsebeit stimulus-
or connectvity-induced. In the former case,spike trains can be correlatedmerely becauseneuronsare
respondingo the samestimulus. In the latter, the neuronsreceive commoninputs or areinterconnected.
We computethetype of the measure@nsembleesponsendderive from it thetypethatwould have been
producedby the ensembléf it hadstatisticallyindependenmembergqspatialdependenceand/orhad no
temporaldependenceReferringto figure 3 for anexample,the probability of eachneurondischaging in
eachbin canbe calculatedrom the joint probability of variousresponseatternsoccurringin a bin. For
example, Pr[dischagein neuron#1] = Pr[R,, = 4] + Pr[R, = 5] + Pr[R,, = 6] + Pr[R,, = 7| because
the leadingbit of the binary representationsf thesesymbols,which correspondgo neuron#1, equals
1: 4 = 1009, 5 = 1015, etc. From thesecomponentprobabilities,we estimatethe probability of all
possibleensemblaesponsgatterndy multiplying accordingo the ensembleesponsé¢he probabilitiesof
eachneurondischagingor not (Pr[R,, = 3] = Pr[nodischagein neuron#1] - Pr[dischagein neuron#2] -
Pr[dischagein neuron#3 because = 011,). By calculatingthe distancebetweenthesetwo types,we
caninfer whencorrelatedesponsearepresentfigure 7 illustratesanexample.
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The presenceof interneuroncorrelationin the fourth responsesegmentshawn in figure 6 is not dis-
cernablewhencomparedo the distanceaccumulatedn the third sgment,whenonly ratedifferencesare
present. One might infer from the analysisshown in figure 7 that the amountaccumulatedn the fourth
segmentshouldexceedthatof thethird by about0.5 bit. Thefactthatthis differencedoesnot occurwhen
analyzingthedatademonstratea subtletyin usingdistancaneasuresThedistancebetweerresponsedoes
represenhow easilyanoptimalclassifiercandistinguishthem,but thevariousfactorsthatcontributeto this
distancearenot necessarilyadditive. Justbecauseorrelationanalysiseveals0.5 bit of differencedoesnot
meanthatinterneurorcorrelationincreaseshedistancecontributedby average-ratelifferencedy thesame
amount.

In this analysis,we canusethe Kullback-Leiblerdistancedirectly. It equalsthe mutualinformation
betweenthe componentdischage patternsof the population(property5). Zero mutualinformation cor
respondgo statisticallyindependentesponsesndit increasessthe dischage patternsdbecomemorein-
terdependentWhenapplyingthis analysisto populationsof threeor moreneuronswe are extendingthe
definitionof mutualinformation(property5) to NV randomvariablesin a novel way.

I(zy;...;2n) = D(p(x)[p(z1)p(22) - - -p(en))

Here, p(x) denoteshe joint distribution of the N randomvariables. We note that from an information
transferviewpoint, statisticallyindependentesponsedo not alwayscorrespondo the bestsituation[13].

6.3 Uncovering feature extraction

As part of developingthesenew techniqueswe re-examinedhow the signal processingunction of ary
systemshouldbe assessedConsiderm nonlinearadaptve system—a neuralensemble-thatacceptsnputs
and producesoutputs(asshown in figure 1), aboutwhich we have only generalinsightinto the systems
function (for example,it processeacoustidnformation). Assumethatthe inputsdepencdn a collectionof
stimulusparametersepresentetly thevectorf. Curiously knowing thesystem$input-outputrelationmay
not be helpfulin understandings signalprocessindunction: Nonlinearsystemsarejust too complicated.
Ourapproachexaminesresponsaensitvity to stimuluschangesndderivesfrom it theability of anoptimal
signalprocessingystemto estimatethe stimulusparametersThe key ideaunderlyingthis approachs the
perturbationalresult of equation(5), which relatesdistancemeasurechangeso the Fisherinformation
matrix.

In our approachwe measureesponsesecordedn responseo a referencestimulusparameterizethy
6, anda family of responseparameterizedby 8y + 66, with 50 a perturbation.We computetypesfrom
ensembleesponse® bothstimuli andquantifythe“distance’betweerthem. We usethe Kullback-Leibler
distancein this applicationsincewe have a naturalchoicefor a referenceresponse.Figure 8 shavs the
surfacesgeneratediy perturbingtwo stimulus parameters- soundamplitudeand azimuthallocation of
the sound— abouta referencestimulus. Interestingly our responsespbtainedfrom accuratebiophysical
simulationsof binaurallysensitve lateralsuperiorolive (LSO) neurong33], indicatethatduring different
portionsof theresponsethe two stimulusfeaturesarecodedwith differing fidelity. We measurdidelity as
the ability (standarddeviation of error) of an optimal systemto estimatethe stimulusparametergrom the
responseEarly on, the transientresponsencodedoth stimulusfeatureswell. Twenty milliseconddater,
thefidelity of angleencodingremainsaboutthe same althoughthe form of theresponsénaschangedrom
atransiento a gradualratechange During this period,the amplitudeencodinghasgreatlyworsenedyvith
the standarddeviation increasingby over a factor of five. During the constant-ratg@ortion of the response
starting20 mslater, the amplitudeestimatehasworsenednorewith the angleestimates quality remaining
aboutthesame.

Whattheseresultsindicateis thatthis LSO neuronis processingts inputs(which greatlyresemblehe
primary neuraloutputsof the two ears)in sucha way that stimulusamplitudeand angleare encodedn
its responseln short,the neurons dischage patternmultiplexesstimulusinformation. The fidelity of this
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representatiochangesapidly with time after stimulusonsetwith the azimuthbeingthe primary stimulus
attribute encodedn the response.Thus, the information coding provided by this neurons dischagesis
multidimensionaland time varying. The initial portion of the responsecould be usedalong with other
neuralresponsef the auditorypathwayto estimatestimulusamplitude but later portionsarelessuseful.
Becauseazimuthis consistentlyrepresentetby theseneuraldischages,we concludethe primary, but not
only, role for thelateralsuperiorolive, is soundlocalization.However, downstreanmeuralstructuresould
usetheamplitudeinformationcorveyedby theseresponsesParallel neuralsystemsresenin the auditory
pathwayclearly represenamplitudemore effectively; presumablythey have greaterimpacton amplitude
processing.

7 Conclusionsand discussion

The goal of information-theoretidistanceanalysisis to computethe distancebetweenresponses.We
explored several ideason how thesedistancecalculationscan be usedto measureand assesshe neural
code.In all of thesethebasicprocedurds asfollows.

1. Givensetsof individual or simultaneousecordingsthe analysisof the populationsresponséegins
with the digitization processlescribedn section3. Theimportantconsequencef this proceduréds
thatsingleandmulti-unit recordingshave a commondatarepresentation.

2. Computethejoint type of userspecifiedorder D, employingthe K-T modificationif the Kullback-
Leiblerdistances needed.
~ (#times Ry=r1ry,...,Rp_p :T‘D) +

PRb,...,Rb_D(TO"" 7TD) - M+2D.N_1

N

3. Computethe Kullback-Leiblerdistanceor resistoraverageapproximationto the Chernof distance
usingthe Markov decompositiorexpressedn equation(9). The conditionaldistribution neededn
this computationis found from the joint type by a formulathat mimics the definition of conditional
probabilities.

Pr,....R,_p(T0,71,-..,7D)

Zr Pry,,Ry 1,....Ry 1 (r,r1...,7D)

PRb|Rb—1,~..,b7D(TO|T1, ...TD)

4. Usethebootstrapdebiasingandconfidenceénterval procedureon the distancehuscalculated When
analyzingcyclostationaryresponsesye considerthe responseto individual stimuluspresentations
as the fundamental‘data quantuni. Our bootstrapsamplesare dravn from this collection of M
datasets.

5. Ourexamplesplot thecumulative debiasedlistanceaseachtermis accumulatedusinganexpression
similarto thatof equation(9)).

We have presentednformation-theoreticistancemeasureshat canbe usedto quantify neuralcoding,
and describedechniqueghat exploit them. Thesedistancesdependon the probabilisticdescriptionsof
the neuraldischages,aboutwhich we wantto assumeaslittle aspossible. The theory of typessuggests
thatempiricalestimateof thesedistributionscanbe usedto accuratelycomputethesedistancemeasures,
with the sole modelingassumptiorbeingthe Markov dependenc@arameter Given sufficient data, this
parametecanalsobe determinedsolely by the datas statisticalstructure.If this statisticalstructurespans
a long time interval, our techniqueand ary otherwill not fully reveal the neuralcode unlesstemporal
resolutionis compromisedr moredataareacquired. The exampleswe have presentedere,particularly
thefeatureextractionone,demonstratéhatneuralinformationcodingcanbequitecomple, beingbothtime
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Figure 8: We simulated[33] the responsef a singlelateral superiorolive neuron[25, 26] to high-frequeng tone
burstspresentedat variousamplitudesand azimuthallocations. The top row (panelsa-c) showvs the PST histogram
of the simulatedresponsat the referencecondition(20 dB, 30°). Thelight areasin eachindicatethe 40 ms portion
of theresponsesubjectedo type-basednalysis.The next row (panelsd-f) shavs three-dimensionaurfaceof the
correspondingaluesof Kullback-Leiblerdistancebetweerthe referenceresponsandthe responsesesultingfrom
varyingstimulusamplitudeandangle.Fromthesesurfaceswefit atwo-dimensionathird-ordempolynomial,andused
its parabolictermsto estimatethe elementf the Fisherinformationmatrix accordingto equation(5). Theinverse
of this matrix provideslower boundson estimatef angleandamplitudederived from the analyzedportion of the
responsePanelsg-i shav sensitvity ellipsesthattraceonestandardieviation thatanoptimalsystenmwould yield if it
estimatecamplitudeandanglesimultaneouslyThe horizontalandvertical extentsof theseellipsescorrespondo the
standarddeviationsof angleandamplitudeestimatestespectrely, andthesedeterminedherectangleshavnin each
panel.Panelg’srectanglds repeatedn the otherpanelsor comparisonThe bottompanelshovs how thesestandard
deviationschangedduring the response.The circlesindicatethe standarddeviation of the amplitudeestimate(left
verticalscale)andthe asteriskghe standardieviation of the angleestimatgright scale).

varying andexpressedy both dischage timing andrate. Thus,ary techniquefor assessingnformation-
codingfidelity mustmakeasfew assumptionss possible;the type-basednalysisdescribecherefulfills
thatcriterion.

A secondoowerful aspeciof our approactis its ability to copewith ensemblaesponsesAs shavnin
figure 3, theanalysigechniquecanconceptuallybe appliedto ary sizedpopulation.Theinformationbound
(equation8) suggestshatthe amountof datarequiredfor a givenlevel of analysisgrows exponentiallyin
the numberof neuronsandin the Markov parametetD. In practicalterms,our techniquecanbe usedonly
for small populations However, sincethe boundappliesto ary bin-basedechniguewithout additionalas-
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sumptionsaboutthe neuralcode all suchtechniquesresimilarly data-limited.Whetherasimilar limitation
appliesto othertechniquessuchasthosebasedn interspikeintervals,is notknown.

For judging coding quality, we preferthe Chernof distance.Becausef its computationatompleity,
we usetheresistoraveragedistancdo approximatet. The Kullback-Leiblerdistancedespitdts theoretical
importance,is difficult to useempirically becausdt is asymmetricwith respectto the two component
responsesWe usedit in the stimulusperturbatioranalysisbecause naturalreferencaesponseemenpes,
andit is the simplestcomputationallyto estimate.

The proceduresve have describecherecanassesseuralcoding,but they do not directly reveal what
the codeis. We shoved oneapproacho assessingransneuratorrelationin figure 7. In general,coding
mechanismsanbe inferredfrom the componentypes;preciselyhow we have not yet determinedBe that
asit may, the information-theoretigproceduresievelopedhereoffer flexible but computationallyintense
analysisechnigueghatcanmeaningfullyquantifythe natureof neuralcodingwithin populations.
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Appendix: Classificationtheory

Classificatiortheoryconcerndiow obsenationscanbeoptimally classifiednto predefinedatayories. Stat-
ing the problemformally in the papers contet of neuralsignal analysis,a set of measuredesponses
{R4, ..., Ry} is to beclassifiedasbelongingto oneof J cateories. Here, the parameteM/ represents
thenumberof stimuluspresentationsandeachR,,, representthe populationresponséo eachpresentation.
Eachcateyory is definedaccordingto aknown probabilisticdescription(which mayhave unknovn param-
etersor othercontrolleduncertainties).The mostfrequentlystudiedvariantof the classificationproblem
is the binary classificationproblem: which of two cateyoriesC;, C> bestmatchthe obsenations. Given
the probabilisticdescriptionf the catayories,the optimalrule for classifyingobsenations,the likelihood
ratio test,is well known [14]. Interestingly whatis very difficult to calculateis how well this optimalrule
works. Developingapproximationgor calculatingperformancdeadsto importantnotionsthatdirectly ap-
ply to the neuralresponseanalysisproblem. Classifierperformances usually expressedn termsof error
probabilities. Terminologyfor the errorprobabilitiesoriginatedin radarengineeringwhereC; meantthat
no targetwaspresenaindC, thatonewas. The false-alarmprobability P, = Pr[sayCs | C1] is the prob-
ability thatthe classificatiorrule announce€’; whenthedataactuallywereproducedaccordingo C; (the
classifierincorrectlydeclareda tamgetwaspresent)andthe missprobability is Ppiss = Pr[sayC; | Cs]| (the
classifierincorrectlyannouncedhatno targetwaspresentvhenonewas). Theaveiageerror probability Pe
is the averageof theseindividual error probabilities: P = 71 Pia + 79 Pmiss Wheren;, o arethea priori
probabilitiesthatdataconformto the cateyories.Notethatin thetwo-cateyory problemn; = 1 — 5.

Thelikelihood ratiotestresultswhenwe seekthe classifiethatminimizeseithertheaverageprobability
of error or the false-alarmprobability [15].° Picking which error probability to minimize would seemnot
to matter(the sameclassifieresults)if it werenot for the factthatthe optimizederrorprobabilitiesusually
differ, easilyby ordersof magnitudeén mary casesFurthermorein mary situationsgheoptimalclassifiers
false-alarnmprobability candiffer significantlyfrom its missprobability. Becauserrorprobabilitiesprovide
the portal throughwhich we develop information-theoreti@analysistechniquesappreciatingwhich error
probability bestsuits a given experimentalparadigmleadsto betterinterpretationof measuredlistances.
In neurosciencapplications,we want to presenttwo differentstimulusconditionsandto quantify how
easilythesestimuli canbe distinguistedbasedon the responsesf someneuralpopulation. Averageerror
probability summarizeiow well an optimal classifiercandistinguishdatathat could arisefrom either of
two stimulusconditions.False-alarn(or miss)probability bettersummarizeperformancevhenoneof our
stimuli canbe considereda referenceandwe wantto know how well anoptimal classifiercandistinguish
someneuralresponsdrom anominal.

No generalformulaefor ary error probabilitiesareknown for ary optimal classifiersexceptin special
casessuchastheclassicGaussiamproblem.We cananswelthequestiori'How doesperformancehangeas
theamountof databecomedarge?” Whentheobsenationsarestatisticallyindependenandidentically dis-
tributedunderbothcateories,pc, ({Ry1, - . . , Rar}) = [1,, e, (Rim), resultsgenericallyjknown asStein's
Lemma[7: §12.8,12.9]statethat error probabilitiesdecayexponentiallyin the amountof dataavailable,

5Note thatin optimizingfalse-alarmprobability (makingit assmallaspossible)we mustconstrairthe miss-probabilityto not
exceeda pre-specifiedsalue. If not, we canmakethe false-alarmprobability zero by having our classifierannouncéclass C-
modelsthedata! Thatwaywe areneverwrongwhenthe category C; is true,but we'll alwaysbewrongif category C; is true(the
missprobabilitywill beone). Thelikelihood ratiotestemegeswhenwe minimize Pi, subjectto Priss < a.
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with the so-calledexponentialrate beinganinformation-theoretidistanceneasure.

. logP .
lim —2 — —D (pc, (R)pc, (R))  for fixed Piss (Ala)
M—oco M
lim 08T 0 (R peu(R)) for fixed Pra (Alb)
M —o0 M
. log Pe
Jim ——= = —C(pc, (R), po,(R)) (Alc)

D(-]|-) is known asthe Kullback-Leiblerdistancebetweerntwo probability distributions. It appliesto both
probability densitiesp, ¢ or probabilitymassfunctionsP, Q.

D(pllq) = / p(R)log Zgg dR (A2)

C(-,-) is theChernof distance definedas

0<u<l

C(p,q) = — min log / p(R)'{g(R)]“dR (A3)

Notethesedefinitionsapplyto bothunivariateandmultivariatedistributions Whenthe obsenationsarenot
statisticallyindependentall theseresultsapplyto the multivariatedistribution of theobsenations[16]. For
example,

lim IOnga —  lim D(ng({Rla s 7R]W})||p01({R17 s aRM}))

Stein's Lemma(Al) is not stateddirectly in term of error probabilitiesbecausef subtle,but impor-
tant, technicaldetails. Focusingon the false-alarnprobability, Stein’s Lemmafor the caseof independent
obsenationscanbe statedmoredirectly as

Pra — f(M)2-MPrcyR)lpe;(R)) - for fixed Piss

with limy;_,[log f(M)]/M = 0. Theterm f(-) changesnoreslowly in comparisorto the exponential,
andit dependon the problemat hand. Whatthis formulameanss thatif we plot ary of the errorproba-
bilities logarithmicallyagainstM linearly, we will alwaysobtaina straightline for large valuesof M (see
figure 9). Stein’s Lemmasaysthat the false-alarmprobability’s slope on semi-logarithmicaxes—its ex-

ponentialrate— equalsthe negative of the Kullback-Leiblerdistancebetweerthe probability distributions
definingour classificationproblem. Becauseof the presencef the problem-dependerguantity f(-), we

cannotdetermindn generatheverticalorigin for theerrorprobabilityor how large M mustbefor straight-
line behaior to takeover. Consequentlywe cannotuseasymptotidormulasto computeerrorprobabilities,
but we doknow thaterrorprobabilitiesultimatelydecayexponentiallyfor anyclassificatiorproblemsolved
with the optimal classifier andwe know therateof this decay We canalsosaythatif furtherobsenations
increasery of thesedistancedy oneunit (a bit), the correspondin@rror probabilitydecreaseby afactor
of two. Furthermorehaving exponentiallydecreasingrror probabilitiesdefinesa setof “good” classifiers.
Optimal classifiersproduceerror probabilitiesthat decayexponentiallywith the quantity multiplying M

equalto the Kullback-Leiblerdistanceor the Chernof distance.Suboptimalbut “good” oneswill have a

smallerslope,with pooronesnotyielding exponentiallydecayingerror probabilities. The exponentialrate
cannotbe steepethanthe Chernof distancefor the classifierthat optimizesaverageerror probability and
Kullback-Leiblerdistanceor the Neyman-Pearsoanlassifier Thus,thesedistanceslefineany classification
problemsdifficulty. Thegreateithedistancethemorequickly errorprobabilitiesdecreaséthe exponential
rateis larger) andthe “easier”the classificatiornproblem. Whetherwe usean optimal classifieror not, the
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Figure 9: Usingthe Gaussiarand Poissorclassificationproblemsas examples,we plot the false-alarmprobability
(left panels)andaverageprobability of error (right panels)or eachasa function of the amountof statisticallyinde-
pendentdatausedby the optimal classifier The miss-probabilitycriterion wasthatit be lessthanor equalto 0.1.

The a priori probabilitiesare 1/2 in the right-columnexamples. As shavn here,the averageerror probability pro-

ducedby theminimum P, classifiertypically decayanoreslowly thanthefalse-alarnprobabilityfor theclassifierthat
fixesthe missprobability. The dashedinesdepictthe behaior of the error probabilitiesaspredictedby asymptotic
theory(Al). In eachcasethesetheoreticalines have beenshiftedvertically for easeof comparison.

Chernof and Kullback-Leiblerdistancegjuantifythe ultimate performanceany classifiercanachieve,and
therefore measue intrinsic classificationproblemdifficulty. We thereforewantto estimatethesedistances
from measuredesponseto quantifywhatresponselifferencesnakedistinguishing themeasier
NotethattheKullback-LeiblerdistancgequationA2) is asymmetriavith respecto thetwo distributions
defining the classificationproblem. The false-alarmprobability achiesed undera fixed miss-probability
constraintandthe missprobability achieved undera fixed false-alarm-probabilitgonstraintnot only have
differentvaluesthey mayhave differentexponentialrates.The Chernof distancdequationA3) is symmet-
ric with respecto thetwo probability distributions,andshouldbe usedto assessheclassificatiorproblem.
Whatpreventsusingit in applicationds therequiredminimizationprocessTechnically this minimizationis
simple: Thefunctionto be minimizedis bowl-shapedleaving it with a uniqueminimum. Computationally
finding the quantityto be minimizedcanbe quitecomplicatedln typical problemsmary morecalculations
areneededo find the Chernof distancehanrequiredto computethe Kullback-Leiblerdistance.
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